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ABSTBACT 

This textbook is designed to be used in ai: 
independent study calcalus course at South Dakota State University. A 
unic^ue feature of the course is a heavy reliance cn cclcr slide 
transparencies that are used^to develc^ basic concepts graphj.cally. 
These slides and accospanying coasentar ies are available for students 
at an educational nedia center. Besides doing progxaaed work in the 
text, students are reguirc^d to attend a one-hour aeeting each veek. 



* Reproductions supplied by EDBS are the best that can be Bade * 

* frOB the original docuaent. * 
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' -GORMAN R. NELSON 
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PPEPJ^CE ' 

The original motivation for aeveloping this course was 
to increase the ftfticLerjsy of cl.assrcom presentation of 
mathematical concepts .through the use of grephic aids and 
photographic projections The basic concepts occurring in 
single variable Cclculus vrere de/elcped graphically in 
sequential dra'-anca, then photographer! in color slide trans- 
parencies. In clcasroom lecture presrintations these slides 
were used either totally or suoplement ed f/ith chalk board 
as detail expansion required. Results of this innovation 
have been published. 

Coramentaries on all (about 400) slides v^ere compiled anO 
*,his, with audio tapes, became the basis for another inno- 
vation: this independent study course for college calculus. 
Results of this are ready for publication. 

All teaching Innovations for these courses havo been 
conducted at South Dakota State University, x^hich has very 
excellent audio-visual facilities, including special class- 
rooms and dial acC3<f?s equipment. This has been especially 
helpful in making this innovation possible. 

A grant from the National Science Foundation has provided 
funding for the time and materials necessary to complete this 
work over the past t^o years. 

Gorman R. Nelson 
South Dakota State University 
Brookings, South Dakota 
August, 1971 



RATIONALE FOR COLLEGE CALCULUS COURSE 

Gorman R. Nelson 

Mathematics Department 

South Dakota State University 

A beginning course in College Calculus should reveal a structure 

/ 

in which the 'student sees the specific categories of subject matter 
as parts of a larger system. Such a structure is inherent in the 
course but generallj^t is not obvious, and unless some overt motiva- 
tion exists to synthesize the Table of Contents into a unified struc- 
ture, the student ends up with a fragmented proficiency in the course. 
He may well be able to perform specific manipulative skills without 
ever understanding what larger significance it has. 

Felix Klein, the German mathematician, mentions three objectives 
for the math student: 

1. A scientific survey of the structure. 

2. Skill in handling problems. 

3. An appreciation of the significance of mathematical 
thought for a knowledge of nature and= modern cultur^. 

These objectives are still generally acceptable in math analysis 
courses, but their relative importance will vary according to the 
students area of specialization. 

Course design factors must be concerned with the environment of 
the learning process. I wish to consider two situations: 1. The 
classroom situation with students, teacher and teaching aids. 2. A 
teaching media laboratory and small unit seminars. The course design 
is more critical in the second situation since it possesses less of 
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the classroom versatiJL^^ for supplementation. Course material 
designed for the second situation will be fully adequate for the first 
but not necessarily vice versa. 

Course content and organization is essentially determined by the 
nature of the course but irs pedagogical appeal is limited only by 
the skill and imagination of the author and teacher. The content can 
be judged immediately and the pedagogical appeal can be estimated 
but generally this requires testing in use. 

A Table of Contents for this course requires tii^ insertion of 
some means for identifying the structure of the system without 
diminishing the abjective of the immediate task. 

The appeal here is neither to the historical nor chronological 
development of the ideas but rather to the idea of mathematics as a 
tree of knowledge, which one sees as a related whole. 

Since the idea of the function is basic to all concepts introducet 
in this course, such as: limit, derivative, continuity, extreme, 
integral and many others, it is natural to use this concept as the 
unifying structure and wellspring of other concepts. 

There is a growing opposition today to scientific education 
of the individual as just a reliable component in a technological 
. . society. In particular, eduation in mathematics must extend beyond 
the boundary of proficiency in technolooy as a means to furnishing 
industry with .a component in its stratagem. 

Scientific education should involve behavioral change. How we 
look at the Universe says something about us. How we see the universe 
and ourselves in it is enlarged by understanding the mathematical 
abstractions taken from the universe. A preoccupation with technical 

ERLC p" 
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proficiency diminishes this understanding and awareness of self in 
this structure. I do not imply by this that technical proficiency 
is without value---only that understanding the abstractions must 
precede it. 

The mathematical concepts found in Calculus are abstractions 
evolving from centuries of man's observation of the universe. These 
abstractions put into mathematical thought are not easily compre- 
hended from a definition. It is questionable that an abstraction 
can ever be taught explicitly but by presenting the concept in sever- 
al forms the student grasps the abstraction as the common property 
of several phenomena. Then a definition has meaning. 

I^otivation for understanding math concepts should not be left 
to chance but should be inherent in the mathematical environment to 
which the student is exposed. 



THE POIiOWING INFORMATION IS GIVEN TO AID YOU IN DIRECTING YOUR 
SCHEDULE TO FINISH AT THE END OF THE TERM: 

Tests are scheduled as shown for each unit. These tests 
are to serve you as a measure of your proficiency over the unit. 
If your tested proficiency is not a "C" level or better you may 
take an additional test after further study. 

You must attend the scheduled meeting for one hour each 
week. Time and place will be determined to fit your schedule. 
This period will be used for personal aid as needed and dis- 
cussion of material from the Educational Media Center. You may 
spend as much time in the Center as is needed to master the 
material, presented. It is important that you respond to all 
programmed material pertinent to our weekly meetings. 

If necessary, additional personal help will be provided 
to meet your special needs. 

All programs in the Educational Media Center are listed 
in the E.M.C. Directory. 

Don*t make the mistake of doing your programmed work 
"tomorrow". This will inevitably lead to poor comprehension 
and retention of knowledge. 

If you don't understand — ASK II 
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UNIT 



No. of 
Programs 



No. cf Prog, 
in E. M. C. 



No. of Sets 
of Problems 



)ate8 



1. Functions 

2. Limits 

3. Derivatives 

4. Applications of 
Derivatives 

5. Integral 

6. Applications of 
Integral 



12 
20 
17 
18 

18 
5 



4 

7 

a 

8 

8 

3 



4 

6 
5 
5 

5 
2 



Fifteen school days are allowed for each urit. 
You may go faster if you wish, but a slower speed 
will make it difficult to finish by the end of 
the semester. 
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MATH ANAI^YSIS I: Calculus and J\nalytic Geometry has more to do 

with concepts as a way of thinking than a supply 
of recipes to be used as the occasion demands. 

These are the resources available to you in this course ; 

1. Textbook: Refer to the Reading Program at the end of FUNCTION 

PROGRAM. 

2. The Educational Media Center. Most of the ideas or concepts • 
will be presented here in audio and visual means. Sample 
problems will be worked irliSo. You may use this facility any 
time it is open. ^ 

3. This course guide will direct your work apd^^oordinate it 
with the E.M.C. 

4. Seminars will be held once a weeK (1 hour) to discuss any 
question relative to this work. 

5. Private tutorial help will be available for your special needs. 

6. Work which you hand in will be corrected and returned for 
your benefit. 

7. A basis for grading will be discussed at a seminar meeting. 

8. You can proceed at your ovn pace, but you, must finish by the 
end of the semester. You may attain any degree of proficiency 
you choose. 



ERIC 



<5 



•7- 

FUNCTION PROGR^VM 

The function concept is basic in all fundamental 
ideas of calculus. In fact, calculus may be considered 
as a special analysis of functions. The program which 
follows will guide you in becoming proficient in the 
use and understanding of the function concept. Follow 
it carefully. 

You must take whatever time is necessary to meet 
the implied objectives. Programs are numbered at the 
left irargin. Refer to the Reading Program for reading 
assignments. 



PROGRAM 



1. Lecture; 



Educational Media Center 

t 

Subjects Basic Function Concept. ("jecture) 

1. Develops meaning of a function 

2. Defines function. 

3. Shows how a function is developed. 

A, Algebraic and Transcendental Functions. 

5. Classes of Function. 

6. Range and Domain. 

Objectives for each concept are implied in the 
text and lecture content and reinforced in work sheets 



and 



pr^ 



lems. 



2. Reads 
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Refer to Reading Program #2 at the end of the function 
Program. 

10 
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3 •Problem BduGationaX Media Center 

You may, if you prefer, work through the following 
examples before going to the center for confirmation 
of your work. Or, you may work in the center and 
confirm your work after each example. 

These examples and the problems which follow are 
intended to help you understand and apply the function 
concept. 

Example 1 . 

Given: f (x) » x^ - 3x + 1 

Find: f (x + h) - f (x) h j« 0 

h 

Function notation directs you to find f {x + h) when 
the function given is 
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Hence , 



f (X) = x^ - 3x + 1 



f (x + h) = (X + h)^ - 3{x + h) + 1 



Simplify and subtract f(x). You may divide by h since 
h s 0 is not included in the domain. 

Example 2. . 

Find the equation of a li»ie passing through the 
points {2,f(2)) and ( 5/2, f (5/2)) where f is defined bys 
f (X) « 2x^ - 5x 

Use the two point form for the equation of a line. 
Use function notation to find the two points. For 



n 
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instance, U,f bw»i»s <2,-2>. Put ymar ansiwr 
in the form: 

ax by + c ■ 0 

Example 3. 

Write the equation defining a function G such that 
G(A) is the svirface area of a sphere, and A is the 
great sircle area of the sphere. 

The surface area of a sphere is 

A » 4wr^ 



Example 4. 

If! A - ijLtxL (n + 0,1,2 and A - x) 

n+l 1 + Aj^ 

« 

Express : 

^1 '^2 '^10 '^11 as functions of x. 

4. Problems: Refer to Problem Assignment Program — Functions. 

1. If f (x) " x^ - x + 1, find: 

a. f(0) b. f{-2) c. f{2>j> 

d. f (a) 9. f (a + h) 

2, If f (X) a x^ - 5x + 6, find: 

. f(x) - f{a) - 

a. ' X - a ' & 

b. fCx h) - f(x) ^ Yift 0 

n 
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If F(x) « ; ; j ^ , t 

6(x) « X 1 

X + 1, X 2 

H(x) s 

^5 , X « 2 

Explain carefully how the functions defined by these 
equations differ and how they sre similar. 

Find the zeiros of the functions defined bys 

a. P{x) = x2 + 2x + 1 

b. f (x) =« x2 + X - 1 

c. h(x) = " 1 

x-1 

d. g(x) = x^ 

3. H(x) « 4 - x^ 



Find the slope of the line connecting the two points 
(l,f (1)) and (-l,f+l)) for the function defined by: 
f (X) = x^ - 3 + 1 

An open top box is constructed from a flat sheet 
8" X 4" by cutting out corners a" square. Develop 
the equation defining a function of all such boxes. 
What is the domain and range for this function? 

If Htx) - ; \ X 1 

x-1 A r 

Find H(l), H(.l), H(.Ol), H(.OOl) 

As X approaches 1, what does H(x) appear to approach? 

/3 
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Seminars : 



S.Read: 



6. Problem 
Study: 



Refer to Program 4. for problem assignment at the end 
of this Fitnction Program. 

Every week (1 hour) 

Refer to Reading Program # 5 — Functions 



Educational Media Center: Refer to Center Directory. 

Since functions are so important in this course, 
anything that can be done to increase the comprehension 
of the nature of functions is also iirportant. The 
graphing of function is a visual means of grasping some 
of the basic qualities of functions and is the sole 
season for graphing. At this level we must resort mostly 
to positioning points (ordered pairs) on the cartesian 
plane and connecting these to form the graph. 

You will probably be unfamiliar with most functions 



defined in the set of problems. This is part of the 
exercise, to develop in yourself the ability to analyze 
different functions graphically. Later in the course 
wa will supplement point plotting with additional tech- 
niques in graphing. 
Consider now: 

Exan^le 5 . 

The defining equation is 



g(t) a |t + 1] . 
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The independent variable is the dependent variabil- 
is g(t). The most difficult part is how to handle abso- 
lute v£ilue notation. We should naturally be motivated 
to recall how this is defined, i.e. 

It + 1| ««t 1 if t + 1 > 0,(t > -1) 
|t + 1| = -(t + 1) if (t ^- 1) < 0 , (t < -1) 
ictow tjry to graph this in two parts to accc»!iodate 
the two cast??, i.e., t > -1 and t < -1, 

« 

Example 6. 

Graph ths function defined by: V 
C(x) = 2^ + 2-x 

This problem like many others in this section is import- 
ant not only as an exercise in graphing but as a means 
of becoming familiar with a function which will be used 
later. So, while doing the work, you should also observe 
the nature of the function revealed by your graph, Dcn't 
get so absorbed in the- technique of graphing that you 
fail to observe the nature of what you have done. 

7. Problems: Graphs of Functions. Refer to assignment Program #7 — 

Functions • 

8. Read: Refer to Reading Program #8 — Functidijs 

9. Problem Educational Media Center 
Study: 

Combination of Functions. This is a difficult section 
and requires more than the usual aiwjunt of effort. 

ERIC l£} 



Example 7> t 

Probably the aost difficult part of this section is 
that dealing with the composite function. In this 
problem we are to find the composite function fog 
where , 

f (x) i x2 - 1 

g(x) » 3x + 1 
fog means to find f (g (x) ) . If the math notation 
for functions is observed carefully , then when 

f(x) = x2 -1 

f(g{x)) = (g(x).)2 - 1 
Complete the problem. 

Example 8 . 

The purpose of this problem is essentially to en- 
able you to become familiar with the manipulation in- 
volved in composite functions . 
If f (x) = f^, 

then f{g(x)) « Vgjxf 

and we must find g (x) such that 

fg (x) = X 

Example 9'. 

The objective again is to provide you with means 
to master the manipulative technique for the composite 
function. 

If P(x) » X + 1/x 

then F o F » (X + 1/x) + ^ 



SisipXify this and detennii^e the domain. 

10. Pjroblemss Conibination of Functions . Refer to Assignment Program 

Functions. Hand in/~ 

11. Review: Repeat PROGRAM 1. Refer to Assignment Program — 

Functions . 

12. Problems: Refer to Assignment Program Functions. Hand in. 
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PEAOTNG FPOPRftf^ — Functiops 

All reading assignments refer to your textbook. 
Calculus with Analytic Geometry , Johnson and 
Kiokeneister, 4th Fditior. 

Program # 2. Definition and Types of Functions. Pages 58 - 60 

# 5. Graphs of Functions. Pages 63 - 66. 

# 8. Combination ot Functions. Pages 67,68. 



PROBLE?^ ASSIG??HF;3T PR6G:^1 — Functions 

All references are to a. Textbook - Johnson and 
Kiokemeister, and b. ycur Program nanual. 

Program # 4. Work and hand in Problenis 1-7, Program Manual. 

# 7. Work and hand in Problems, 1.1-6, II. 1,3,5,7, 

9.11. Textbook, Page 66. 
#10. ' -k and hand in Problems I. 1 - 8. Text Page 68. 
#12. Work and hand in Problems 1,2. Textbook, Page 70, 



ERIC 




The foX lolling commentary on Functions may be 
used with PROGBAM 1. 



lides 1 - 


20. 


Defining a Function 


21 - 


24. 


Implied Domain and Range 


25 - 


26. 


Famous Functions 


27 - 


34. 


Creation of a Function 


35 - 


47. 


Graphic Portrayal of Functions, 



Intervals f SegrT'onts 



48 



53. 



Graphs of Ftinctions 



54 



60. 



Constant it 



61 



62. 



Trig Functions 
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LECTUTE — FUNCTIONS 



Slide 1. We are defined by how we look at the universe. 

2. All of calculus is based on an understanding of the 

' function concept. T^ithout this, very little 'of what follovrs 
will be understood. 

3. The mathematical idea of a function is one of the most 
fundamental concepts in theory and application of mathematics. 

Since all the new mathematical concepts which occur in 
calculus have their genesis in the function, it is natural to 
evolve these from the nature of the function. 

But first, what is the mathematical idea of a function? 

4. We begin with a set of real numbers which is shown as 
set A. ^ 



5. From the elements of set A v^e will generate another set 

of elements (y) according to some rule. Call the new set B, 
Note that if we wish to speak of one element of set A without 
identifying it we call it x. That is, we can say tJie element 
X which is contained in set A is either 1, 2, 3 or 4. The 
same notation is used for set B. As yet we don't knoif what 
the elements y of set B are. 



ERIC 



20 



A sisiple rule, which is represented by the lower case f, 
is chosen. The rule f is: Multiply each x in A by 2 and add 
1 to form a correscH^nding y in B. He now have a specific 
means for generating set B. From this procedure some mathe- 
matical notation is- also generated to help us understand 
what is going on. 

The flow of action is from set A to set B. Each element 
in A is operated on according to rule f . The corr'^sponding 
element in set B is identifiable hy the notation used here. 
For instance, in set B, the letter f followed by 1 in paren- 
theses, which is read f of 1 means that rule f i^ to operate 
on the el^ent 1 of set A to produce the corresponding element 
y in set B. f(2) means rule f operates on the number 2 of 
set A to form its corresponding element y in set B. In like 
manner f (3) and f (4) iire elements' in B corresponding to 3 and 
4 in set A. 

By use of this functional notation we are able to observe 
immediately the correspondence of elements between sets A 
and B. That is, we know 1 goes t^ith f(l), 2 with f(2) and 
so forth. 

Som& nevT descriptive words are often used here to ex- 
press this idea of corresponding elements. For instance, we 
can say that f (1) in set B is the image of 1 in set A. This 
is a pictorial way of saying if eleitwnt 1 is exposed to rule 
f it reflects the image of 1 as f(l}. In like manner f(2) is 
the image of 2 and so on. 

21 



still another descriptive picture evolves from this pro- 
cess of forming set B. rfe can say that 1 of set A maps into 
f(l) of set B, 2 znaps into f(2) and so on. 

The distinction should be noted here that the notation 
for the rule is i while the notation for each element y of 
B is f(l), f(2) or in general f(x). 

These various mathematical notations are important to a 
clear understanding of the literature of mathematics. 

We simplify again by using the mathematical notation to 
express the rule f. The expression 2x -i- 1 says very succinct 
ly what rule f is. 

. Henceforth we will generally use only the mathematical 
form to express tise rule. 

Performinc the operation indicated by f (1) will produce 
3. "(2) will produce 5, f (3) « 7 and f (4) « 9. 

The elements y of B derived from the elements x and rule 
f are shown here in correspondence with the elements of set 
A* The rule f could be written y « 2x + 1 which as an egua- 
tion then defines the y value for a given x value. If we 
wish to represent an equation in a general form^ that is^ 
without stating the rule precisely, we say y - f(x). The 
variable nature of x and y in the form of an equation is 
indicated but we are stating precisely what values x may 
have here by listing them. 



It is possible now to form ordered pairs of nuiobers fr^ 
the corresponding elements of each set. In ctoing this there 
is the natural tendency to put the x elemeVit first and the y 
element second as: (1,3), (2,5), ^3,7) and-v<4,9). The 
notion of ordered pairs evolves from this. 

The set f of ordered pairs is called a function. The 
el^&ents of set f are the ordered pairs. Each ordered pair 
has a first and second component. The set of first components 
of each ordered pair are given the name of domain. These are 
1, 2, 3, and 4. The x notation which represents each member 
of this set is often given the descriptive name of "indepen- 
dent variable" for the reason that the y value is determined 
by the x value. The set of second components 3, 5, 7 and 9 
taken from the set f is called the range. The y notation 
which represents these numbers is called the dependent vari- 
able since its value depends on the value of x. 

No mention has yet been made of restrictions Jn either 
set A or B. The 5dea is now presented that whatever rule or 
device is used to form the set it must contain the restriction 
that the final set does not have duplication of first compo" 
nents. That is, no first components can be repeated. For 
instance, if our first two ordered pairs had been d/^ and 

(1,5) then this set would not be called a function. The \ ^ 

reason for this certainly does not evelve from anything we 
have done thus far. The explanation lies in reasons not yet 
apparent. One inmiediately acceptable reason is that we want 



no ambiguity as to what value of y we have corresponding to 
any value of x in the function. This does not preclude having 
any duplication of x components in the ordered pairs. Addi- 
tional reasons for this restriction will become apparent as 
our investigation continues. 

Notice that the same notation f is used to identify the 
set of ordered pairs as was used to identify the rule. This 
will cause no ambiguity in understanding and is a generally 
accepted notation. These two meanings are certainly not one 
and the same. One caxmot always tell from the rtile what the 
set of ordered pairs will be. But for convenience we will 
accept the duplication of letter identity for both meanings. 
In context this causes little or no concern. 

For convenience we define a fxinction ass "A set of dis- 
tinct ordered pairs having no two first components the same." 
Identical ordered pairs are accepted as one ordered pair. 

You will notice that the elements of this set are the 
ordered pairs and that the parts of the ordered pairs are 
called components. The set of first components of each 
ordered pair constitutes the domain and the set of all second 
components constitutes the range. 

Here are shown set f, g and h. Are they functions? 
Consider set f which contains three el«nents of ordered pairs. 
No two first components are the same, hence it is a function. 

Consider set g . Here again we have the elements of 
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ordered pairs, but since the first two are not distinct they 
cowit as only one ordered pair. The txw distinct ordered 
pairs do not h9ve repeated .first ccnnponentd , hence this is 
also a function. 

Consider set h. Again we find three el«nents of ordered 
pairs but now we also find the first component of each ordered 

* 

pair are the same; hence this set is not a function. 

14. Consider now a new rule which we identify by the lower 
case letter g. The rule is in mathematical shorthand and 
explicitly states that for every x we consider we will find 
the corresponding g(x} by squaring each x and subtracting 1. 
Bowever, nothing is said about what values of x should be 
chosen. When a function is defined without a specified do- 

« 

main we will assume it defines the set for all real values of 
domain and range so defined. 

15. We define the domain here as the numbers 2, I, 0, -1 and 
-2. What are the corresponding elements g(2), g(l)r g(0), 
g{-l) and g(-2)? 

For g(2) we square 2 "and subtract 1 to get 3. 

16. In like manner we get g(l) - 0, g(0) « -1, g(-l) - 0 and 
g(-2) » 3 to form the ordered pairs as shown. 

This is the function g. 

17. The zeros of a function are those values of the danain 



ERIC 



-7- 

£or ^ioh the corresponding value of the ran^e is zero. We 
obseirve here that the zeros are at 1 and -1. Algesbraically 
these may be found by setting g(x) "0 and solving -1 « 0 
for the corresponding values of x. 

18. The domain is here defined explicitly as being those 
values of x in the closed interval [-2,2]. Since all 
possible numbers included between and including r2 and 2 are 
an infinite set they cannot be enumerated. Hence the missing . 
ordered pairs are indicated by three dots as shotm. 

19. Another means for defin.^ng the set of ordered pairs is 
shown here. This is r'ead "Th**. set of ordered pairs (x,g(x)) 
such that g(x) a x^ - 1 and x has all values in the closed 
interval [-2,2]". 

20. The number of different functions is unlimited. However, 
most of the functions we work with can be classified by 
obvious characteristics which they i^ssess. Most of these 
you are familiar with in varying degrees. There is no inten- 
tion here to imply these are the moat important classes, but 
only to observe that many functions have qualities which 
pemit them to be classified by nan^. For instance, 1. is 
representative of linear functions. 

All of these classes of functions «rill be examined later. 



21. A function defined by an equation for which no specific 
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domain and rancp^ is given has a domain implied as being those 
real numbers x which define a real number y. . 

For instance, consider the equation y « x -t- 1. It is 
apparent that each real number x defines a real number y. 
In this case the implied draoain is all. real nuinbers. Such a 
dOTiain yields all real numbers as value of y, hence the range 
also contains all real number^. 

22. The implied domain of the function defined by the equa- 
tion y ~ i/x^ is not quite so envious. First, it is necessary 

' to know that is, by definition, always positive. That Is; 
is X if X is positive, /x^ is -x if x is negative, and 
zero if x i& zero. Bence the dcHoain may be any real number 
X. The range implied by this domain will be all real numbers 
greater than or equal to zero. 

23. The implied domain for the functibn defined by 

y » /x* - 1 

differs from the previous fuACtion in that the radioed 
(x^ " 1) must be greater than or equal to zero if it is to 
have a real number as its square root. For instance r if 
X B 0 the radical >1 yields no real number. The condition to 
be satisfied by the radicand must be 
x2 - 1 > 0 

or 

x ^ > 1. 
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This is^ilies x>lorxj<-las the largest domain. 
For these values of x the corresponding y values include all 
positive nuBibers and zero. 

The three equations: 

1. H(x) « ""III X j< 1 

2. F(x) « X + 1 

f x^ - 1 

3. G(x) = J X - I X ^ 1 

13/2 X * 1 

all define functions. Careful consideration of these equa- 
tions will reveal that F(x), G(x) and H(x) hpve the same 
implied dcHoain excepting at x « 1. G(x) and F(x) both in- 
clude X « 1 in the domain but have different co^-responding 
values of G(l) and F(l}. H(x} does not include x « 1 in its 
domain. You should observe carefully that the functions, as 
sets of ordered pairs, defined by these three equations are 
identical except for the ordered pairs at x » 1. H has no 
ordered pair at x » 1. For G the ordered pair is (1,3/2) 
and for F the ordered pair is (1,2). 

F(x) and G(x) h&ve the same implied domain, that is, all 
real ntsmbers. Their ranges differ only by one value. 

Record and study these equations. They will be used 
later in consideration of- limits. 

. Some of the greatest scientific discoveries are couched 
in the language of the function. Equation 1. defines a 

29 
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function, t is the independent variable producing values of 
X. Science and engineering are predominant '^y engrossed in 
the study and investigation of functions as mathematical 
models . 

Equation 3. is Einstein's discovery relating energy and 
mass, ^^hat a profound discovery to be expressed in such 
simple mathematical language. 

These are but a few of the many equations shown here 
defining functions with which you are probably already 
familiar. ^ 

* 

Consider equation 5. 

This is Newton's discovery in v^ich he expresses force 
of gravitation as a function. Assume m-j^ to be the mass of 
the earth, m2 the mass of the moor. Then if G is constant, 
and the independent variable d is given, the set of ordered 
pairs (d,P) expresses the phenomena of gravitational force. 
The means of communicating this law of gravitation is mathe- 
matical. Probably one of the stramgest phenomena in all of 
science is the capacity of mathematical thought to portray 
aspects of nature. This is somewhat less surprising if one 
considers that these abstractions were derived from observa- 
tion of nature. 

Title — Elemental Creation of a Function 

ftost functions which are developed in science and engi- 
neering are probably not the major scientific discoveries 

2!) 
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but involve more of detailed analysis. To sho^v what sense 
a function is used as a mathematical model we first take a 
simple condition and show hew a fum^ion can be generated to 
portray one aspect of this condition and from the defining 
equation we will observe in detail ho^* this function is used 
to fiirther con^rehend the nature of the condition it describes 

28. ^ First consider a sheet of material having the dimensions 

shown. 

29. We form a box by cutting squares from each corner as 
sho^m here. We can intuitively discern that in some way the 
box volume depends on the size of the cut-outs. It is this 
condition we concern ourselves with. 

30. Call the side of the cut-out squares "a". You can 
observe at this stage v/hat the dimensions of the box will be. 
In terms of the given dimensions and the dimension "a", what 
will be the length, width and the height of this box? 

31. We are to find L, W and H in terms of the given dimen- 
sions. L is equal to 8 - 2a, W equals 6 - 2a and H is just a. 

I 

32. The volume of the box is length times width times height.- 

33. By taking this product we have 

Volume » (8 - 2a) (6 - 2aya • ' ' 
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or if the product operation is performed then 
V(a) « 48a - 28a2 + 4a3. 

We now have an equation which defines a set of ordered 
pairs, having an implied domain and range of all values of a 
and V. However, the nature of the problem reveals that the 
ordered pairs are f>rithout meaning if dimension "a** is more 
than 3 and certainly iv cannot be less than zero. So, for 
the condition of our concern we ta!^ the domain as all values 
in the closed interval zero, three. Intuitively we observe 
that the volume of the box will be zero at both of these end 
points, but what happens to the volume for the remaining 
values of "a" is defined by* the ordered pairs. 

In developing this function we gave meaning to the mathe- 
matical abstraction of numbers. That is, we gave a number of 
length, of width and of height and another number the meaning 
of volume. 

34. We observe here several sizes of a box corresponding to 
different values of "a". 

35. Title: A Graphic Portrayal of Functions, 

Probably everyone has at some time seen and performed 
• the game of connecting numbers on a paper surface with lines 
and observed the emergence of some recognizable object. The 
numbers alone gave little clue to their pattern but in con- 
nected form meaning emerged. 

In a siailar manner it is possible to take a set of 
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ordered pairs, wi ich by themselves give little evidenc?* of a 
pattern, but rev^;al a meaningful pattern when connected 
graphically. The sole purpose of this game is to reveal the 
structure of the function. I'gain, it is assumed everyone 
listening to this lecture l-nox*s, to some degree, the tech- 
nique of ^graphing, but its purpose and what can be read from 
it might not be so obvious. 

36. The Cantor-Dedekind axiom makes the deceptively simple 
statement that all real numbers can be put into one-to-one 
correspondence with the points on an infinite straight line. 
Numbers are here given the meaning of length or distance 
v/hich they do not inherently have. This must not be inter- 
preted as meaning that the sum of an infinite number of 
points equals a length but rather that segments or intervals 

^ of a line can be represented by numbers. Segments refer to 
lengths or parts of a line, vrhile an interval is consideret^ 
as the set of numbers incluiJed betv^een t^'?o ntimbers. 

All integers, rational and irrational numbers and zero 
are assumed to have an ordered position on this line. 

37. The mathematical notation of txfo numbers enclosed in 
brackets as shown here is called a closed interval and indi- 
cates the set of numbers on the line shown in red between 0 
and 2 and including 0 and 2. 

38. The open interval (2,5) does not include the end points 
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but does include all points (numbers) between these two 
nxambers • 

The nuraber (1,3] fs called a half open or half closed 
interval. The parantheses indicates 1 does not belong to 
this set of points (numbers) and the bracket indicates 3 does 

e 

belong to the set. 

( 

Shovm here is a segment of the\ infinite line. The seg- 
ment is the portion from a to b. we\are directing attention 
here to the portion of the line indicated instead of a set of 
numbers indicated by an interval. Direction of the line seg- 
ment can be implied by dahelling the segment from a to b as 
against the opposite direction from b to a. The magnitude of 
the segment is given as.b - a^ and is simply the magnitude 
from zero to "b" minus the magnitude from zero to "a". 

The magnitude of the segment indicated by red dimension 
lines would be b - a. Notice that efeen though a is, in this 
case, a negative number the magnitude of the segment is still 
b - a. 

The segment can also be v/ritten using the notation cf 
absolute values to assure the positive sense of magnitude. 

Irrational numbers may he ]x>sitioned as shown here using 
the hypotenuse of a right angled triangle. 
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44. The Cantor-Dedekind eusiom permits locating all real 
numbers in order on the horizontal l*ne called the horizontal 
coordinate axis. Only the integers are indicated, the posi- 

• tion of the remaining numbers are assiamed. 

45. Suppose now another line is drawn, perpendicular, to the 
horizontal line such that their zero positions are coincident. 
This arrangement is called a cartesian or rectangular coordi- 
nate system and permits a graphic portrayal of ordered pairs 
of numbers. 

Assume the infinite vertical coordinate axis also con~ 
taines all real numbers. 

46. Ordered pairs of numbers are positioned on this coordi- 

I 

nate system plane in this manner: assign the value of the 
first number to its appropriate position on the horizontal 
coordinate axis. For instance, if the ordered pair (1,-3) 
is to be positioned, the point on the horizontal axis corre- 
sponding to 1 is found, and assumed carried all along the 
perpendicular line shot«m. Then the second number (-3) is 
positioned on the vertical coordinate axis and carried along 
its vertical line. The point of intersection of the two 
lines is given the pbsition (1,-3). 

It is important to note that as a consequence of the 
Cantor-Dedekind axiom this system of positioning does not 
have different ordered pairs occupying the same position on 
the plane. That is, there is a one-to-one correspondence 
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between all ordered pairs and the points on the infinite 
plane described by this coordinate system. 

Ordered pairs defined by an equation such as: 
f Cx) - x2 - 4 

may be positioned on the coordinate plane . Obviously, all 
the ordered pairs can't be placed since f is an infinite set, 
but, by placing a fev; points and connecting these ^ints, a 
very close estimate of the set can be observed. For instance 
the set 

{(-5/2,2%) (-2,0) (-1,-3) (0,-4) (1,-3) (2,0) (2*5, 2^j)} 
is a subset of f . 

If these are positioned on the coordinate plane and 
connected as shown, a fairly good picture of the entire set 
is obtained. 

The second component of each ordered pair is often 
called "the value of the function", or just "the function". 
By looking at the graph of f vje may observe; 

1. Where ''the value of the function" is negative 
or positive , 

2. The intercepts or zeros of the function. 

3. t'Jhere the "function" is increasing as x is 

increasing. ^ 

4. How fast it is increasing for various domain 
values . 

5. ^*7here in the domain the "function" changes from 
decreasing to increasing. 
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It is probably not obvious why these observations are 
important, but it should become so as we advance in this study 

Several functions are next exhibited which are useful in 
later discussions. 



48. 



Constant function 
K(x) « a 



49. 



P(x) « |x| 



50. 



G(x) « |x - 1| 



51. 



H{x) 



x 
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f (X) « [X) 



53. 



F(X) 



1 , X is irrational 
0 , X is rational 



54. 



All equations so far considered have a common special 
quality: from the defining equation the ordered pairs are 
generated by the algebraic operations of addition, multipli- 
cation, extraction of roots and raisi'ng to powers. For 
instance, the equation 

!• g(x) « x2 - 1 
is an algebraic equation because the ordered pairs are gener- 
ated by the operation of multiplication (x • x) and addition 
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(-1) • Other equations which do not have this cruality are 
those trigonometric, logarithmic or exponential functions 
such as; 

2. h(e) « sin 0 

3. y fis log X 
4 • y c^ 

It is not possible to generate ordered pairs by algebraic 
operations from such equations. The reason is, of course, 
that these functions are not algebraic in origii*. For 
instance, the trigonometric functions are geometric in origin 
while others require operations that are neither algebraic 
or nor geometric. Functions which are not algebraic are 
called transcendental functions. 

55. Before proceeding with generating the trig functions we 

need one more number, i.e. the constant tt. Again we consider 
the circle with a radius of 1 unit. 

r>6. Divided into tenths as show. 

57. Take this length. Lay it along the cirvu^nference as 
shovm. Mark the initial point (1,0) and the terminal point. 

58. Extend the radius measure again along the circiunference 
and again mark the terminal point. 

59 # Continue in the same vray. We now have three units of 

measure on the circumference. Continue once more. 



ERIC fj 



-I9- 
60. The diameter mark is crossed at •14. Hence, the total 
length of the half circle measured in units of the radius is 
about 3.14. This number is called ir and is the ratio of 
circumference of a circle to its diameter. Or, as shown 
here, is the ratio of half the circumference to half the 
diameter («r) . 

Since r may be any nuinbc^' the number ir is valid for any 
size circle. That is, tt is dimensionless. 

61. The length of arc along the circumference for this unit 
circle is indicated at positions ir/S, Tr/4, Tr/2, 3it/4, it, 7ir/6, 
37r/2 and 2ir, all measured from the start position. That is, 
from the start position to tt/6 or al^ut 1/2 the length of the 
radius, it/4 is about 3/4 of the radius along the arc, etc. 
These values are connnonly used since they represent fraction- 
al parts of the circle, such as tt/6 is 1/6 of a semicircle 

or 30°. 

We could use any real number to represent a position 
along the circumference. Each nxjmber would represent the 
measure of radii along the circumference from the start posi- 
tion, A positive number is measured c.c.v% and a negative 
number is measured c.w. 

62. Ordered pairj may now be generated from this unit circle. 
A length along the circumference is represented in units 

of radius and called 6 (theta) . For instance, from A to B is 
a length w/4 times the length of the radius. This length is 
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called tt/4 radians. At position B on the unit circle the 
value of X on the coordinate system may be determined from 
the broken line drawn perpendicular to the x axis. This 
value appears to be about .7, The ordered pair (ir/4,.7) is 
called the cosine fimction. In equation form this is repre- 
sented by X cos 8. All the ordered pairs found for 8 and 
its corresponding x value constitute the cosine function. 
The elements shown here are a subset. 

A{0,1), B(w/4,.7), C(Tr/2,0)r D(5Tr/6,-. 86) , E(ir,-1) 

P(8ir/6,-.5) , G(3ir/2,0), H(-ir/4,.7) 
The sine function is generated in a similar manner using 
the y value vrith each 8, 

The equation representing this function is 

y m sin^. 
This is also an infinite set. The set 

{A(0,0), B(TT/4,.7), C(iT/2,l), D(5Tr/6,.5), E(ir,0), 

F(8iT/6,-.86) , G(3ir/2,-l), H (-jt/4 7) } 
is a subset of the sine function. 

A fairly extensive set for the sine and cosine function 
are found in the set of "trig tables". 

Prom these two functions, the remaining trig functions 
can also l>e generated. 



o 
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LmiT PROGRAI! 



The mathematical concept of the limit of a function 
proHdes a valid mathematical basis for the concepts 
on derivative, integral and others. Without a firm 
understanding of limits, it is not possible to under- 
stand basically what follows. 



1. Lecture; Educational Me<|i3 Center. See the E.M.C. Directory for 

Dial access and Slide location, 

A slide commentary follows the Limit Program. 



2 . Read : 



Introduction to Limits. Refer to Reading Program # 2 
at the end of the Limit Program. 



3. Problem 
Study I 



Educational Media Center 

Examples 1., 2,, 3. See E.M.C, Directory for Dial Access 
and Slide location. 
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Example 1. 
Find! 

limit - 4 
H'*'2 X - 2 

Before you observe the solution to this problem try 
writing out each step giving detailed reasons explaining 
what you are doing and why; then observe the solution. 

40 ■ 
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Example 2, 

If 5 f(x) • x^ - 2x > 3 
Find; 

limit f(x) - f(l) 



x-*l X - 1 

Perform the operations indicated in the numerator. 
Try dividing the denominator into the numerator and 
J then find the limit. 

Example 3. 

Given: The parabola y » x^ 

Find: The limit as x approaches 1, of the secant 

2 

line passing through the two points (1,1) and (x,x ). 

4. Problems: Refer to Problem Assignment at end of Limit Program. 

5. Read: Definition of Limit of a Function . See Reading Program #5 

These Theorems are frequently used in theory and 

problem solving. They should be remembered: 

Theorem 1, Limit mx + b « ma + b 

X"*-a 

Theorem 2, Limit b + b 

x-*-a 

Theorem 3, Limit x » a 

x-^a 

1 Theorem 4, 

If: f(x) = g(x) for every x in domairt K 

except at X + a withiti K 

Then: Limit f (x) « Limit g(x) 
x-^a * x-*g 

Record here the definition of limit given in the text. 

ERIC - 41 
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6, Problem Educational Media Center. See E.M.C. Directory for 
Study: 

Dial Access. 

f 

I • 

Sijbject: Verifying limits from definition. 
Examples 4,5. 

Example 4 . 

Show by use of the limit definition that 

limit 4x - 1 «: -5 
X— 1 

We must show that: 

for f(x) ~ 4x ~ 1, L - -5, a - -1. 
Definition; 

1. For every e > 0 
' 2, There is a 6 > 0 (x ^ -1) 
Such that: 

3, f (x) is in (1 - e, L ■♦■ e) 

4. when x is in (a - 6 , a + 6 ) 

Proof; 

From definition 3. (f (x) = Jly - 1, L = -5, a = -1) 

1. 4x - 1 is in - 5 -e, - 5 + e 
or 2. -5-e<4x-l<-5+e, js equivalent, 
Simplify 2., first add 1 to both inequalities. 

3. -4-e<4x<-4+e 
.Then divide by 4, 

4. - l- |<x -1 + f 

It is important here to note from step 4, that 
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f (X) is in (- 5 - e, - 5 + e) 
when X is {- 1 - f-, - 1 + |-) . 

4 4 

. Compare this with the Limit definition steps 3. and 

4. Since a « -1, we need only choose 

6 < £ 
4 

and then we have shown 

1. For every e > 0 

2. There is a 6 < £ 

— 4 

such that 

3. f(x) is in (- 5 - e, - 5 + e) 

6 < ~ 

4. When x is in (-1-6,-1+6) ~4 

X -1 

This procedure is not a method for finding the 
limit, only for verifying if the limit exists. The 
value of the problem is in its use of the limit definition 

Example 5, 

i 

Prove the limit L does not exist. 



limit JiLjLJi « L , f (X) «i5JLJi 

X + 2 

L , a ■= -2 



2C + 2 X + 2 



X -f- 2 



X + 2 
f (X) « (X -f 2) 

~ X + 2 
not defined x « -2 



X > -2 
X < -2 



Hence, for x > -2 

.imit \L o 
X— 2**^ X + ^ x-^-2'*' 



limit 5-?^ « limit 1 = 1 t-^y? 
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for X < -2 



limit '(^ + ll « limit -1 = -1 Why? 



Since limit f(x) ^ limit f(x) 

X'-'a"*' x-*a" 

limit f (x) does not exist. 
x-*a 



7. Problems; Refer to Problem Assignment Program # 7. 

8. Read: Refer to Reading Program # 8 

Continuity of a Function 

Give particular attention to definitions and theorems 
The idea of continuity is important as a quality of 
. functions, since some concepts of calculus apply only 
to functions which have this quality. 

1. The following limit theorem should be 
remembered : 

r' 

( If: limit f {x) «= b limit g(x) « c 

x-^a x-^a 

Then: 

1. limit (f + g) (x) = b + c 

x-*a . 

2. limit (fg) (x) « be 

x-*a . ' 

3. limit (i) (X) « k c 7-' 0 

x-*a 9 c 

4. A polynomial function is continuous at 
every number. 

5. A rational function is continuous in its 
domain. 
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2. This is a good time to review that part of the 
limit lecture (Program 1) in- which continuity 
is discussed. 



9. Problem Educational Media Center. '*See E.M.C. Directory for Dial 
Study: 

Access and Slide Location. 

Subjects Limit Problems. 
Examples 6, 7. 

^ Example 6 . 

Find: 

limit (x^ + 4x2 y 2/^) (a > 0) 

x-*-a 

Application of the limit theorem which states that 

the limit of a siun of functions is the sum of the limit 

of the functions permits writing the problem 

limit (x^ + 4x2) . Umit 
x-*a x-*a 

(limit 16c « i/a) 

Example 7. 

Discuss the continuity of the function defijied by: 
f (x) « Sketch the graph. 

Do this in two parts: 

1. For X >■ 0 |x| » X 

And f (x) « 1 

2. For X < 0 lx| « -X 

And f (x) * -1 
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10. Problems. Refer to Problem Assignment t 10 



11. Read: One^Sided Limits. Refer to Reading Program # 11 



12. Problem Educational Media Center. See E.M.C, Directory, 
Study ! 

Subject: One-sided limits. 
Examples 8, 9. 



Example 8. (See Example 5.) 

Find the limit if it exists: 
limit I x 4- 2 1 

x-^-a*" X + 2 

Note for x < -2 the problem is simply: 

limit (-1) -1 
X--— 2 

Give reasons for each step. 



Example 9. 

limit 1^ : ^1 

X-1+ " ^ 

For X > 1 the problem is written 

limit (X ■ 1) ' 

3t^l+ (x - 1) 



13. Problems; Refer to Problem Assignment Program # 13. 

14. Re ad: Infinite Limits and Limits at Infinity . 

Refer to Reading Program # 14. 
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15. Problem Educational Media Center. Refer to E..M.C. Directory for 
Study; 

Dial Access and Slide Location. 
Examples 10, 11, 12. 

Example 10. 
Find: 

limit :r-2L_ 
* * 

Write this in the form 



limit ( .. ^ y ), 

X^ X 



and apply appropriate limit theorems to get: 

limit 1 
x-*<» 

limit 1 ^limit T" 
x-*<» x-*«> x 



Example 11 . 
Find; 



limit 
x^l- 




Recall that, 

x^ « n, if n < x^ < n + 1 

Hence i 

limit x^ « 0 
x-1" 

£md, 

limit [x^3 " limit 1 

t.. .- .-. f- .rL-T LTT- -m-m r i i • i ^ — i 9 

limit x^ - limit 1 
x-^1" x-*-!^ 
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Example 12. 

Determine the vertical and horizontal asymptotes, 
and sketch, 

^"'^ ■ tstIt)? 

A vertical asymptote occurs at x a 
where ^ 

limit F(x) or limit F(x) equals t «. 

Observe ; 



linit , = limit - — ^--2 * " * 

The horizontal asymptote will exist at y b 



where s 

2x 



limit — 5" 

il-^aa X^ + 4X + 4 



16. Problems: Refer to Problem Assignment # 16. 



17. Read: 



Limit Theorems . See Reading Program # 17. 

1. In addition to the limit theorem previously given, 
you must know, understand and be able to apply the 
following theorem on limit of composite functions: 

Theorem; 

Given: The composite function 

f{g{x)) 



If: 



Then: 



(a) . limit g (x) » b 

x-^a 

(b) . f is continuous at b 

limit f(g(x)) « f(b) 
x-*a 
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2. Theorems 



If: limit f (x) - b, 
then: 

limit 9fTxT « 9limit f (x) « % 
X"*a x-'a 

if 9b 



18, Problem Educational Media Center. See E.M.C. Directory. 
Study s 

Examples 13, 14. 



Example 13. 

limit l^iy •¥ 5J* 
y-*— 3 

Write this in the form: 



VClimit (y + 2) ) » 
/ y-*-3 



Example 14 . 

Finds limit t Z 
x-*-0 ^ 

Simplify by rationalizing to: 



limit ^ 2) i/rm ^ 2) 

x(/4 + X + 2 



19. Problems: Refer to Assignment Program # 19. 



20. Review: 1. All Lab Lectures. Use the script where it is helpful 

in going over slides where more time is required. \ 

2. All Problem Study examples • 

3. Sample tests. 

4. Pr^Lemfi at chapter md, 

mc 4!) 
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BBfiDim PK)GSAM —LIMITS 

PROGRAM « 2. Introduction to Limits. 

Johnson & Kiokemeister, Pages 73 - 77, 

# 5. Definition — Limit of a Function 

Johnson & Kiokemeister, Pages 78-83 

# 8. Continuity of a Function 

Johnson & Kiokeraeister, Pages 85-87 

# 11, One-sided Limits 

Johnson & Kiokemeister, Pages 89 -91 
Review the Limit Lecture, Program 1, discussing 
left and right hand limits. 

# 14. Infinite Limits and Limits at Infinity. 

Johnson & Kiokemeister, Pages 92 - 97, 
Review Limit lecture Program # 1. 

# 17. Limit Theorems. 

Johnson & Kiokemeister, Pages 98 - 103. 
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P^Bim ASSIGmSEJPT PROGRAM — IiIMITS 

All references are to 'rextbook (Johnson & Kiokemeistei 
unless otherwise indicated. Hand in all progranoned 
problems when completed. 
Program « 4. Page 77. Problems 1,1, 3, 5, 7, 9, 11, 13. 

« 

# 7. Page 84. Problems I, 1 - 12. 

# 10. Page 88. Problems I, 1 - 10. 

Give detailed reasons where required. 

# 13. Page 91 ff. Problems I, 1-6. 

# 16. Pages 97, 98. Problems I, 1 - 6, 7, 9, 14. 
#129. Page 103. Problems I, 1 - 11. 
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Slide I. In the following discussion on limits an intuitive 

development is considered first and then related to the 
definition of the limit of a function. The idea of the 
limit of a function has immediate importance in understand- 
ing the basic concepts of Calculns which follow. Xou will 
be confronted with some rather illusive logic. If it isn't 
cleaily understood the first time through, go over it again. 
The ^inal definition of a limit must carry with it an imder- 
standing of hor* this applies to functions. 

We begin first with an intuitive idea of a limit in 
which only an implied fxmction is involved. That is, the 
function is not at first defined by an equation and, in fact, 
is not interpreted as a function. The equation is then 
introduced and the limit concept is related to this. 

2. We begin with the intuitive idea of a limit. 

The rod at position B is three units high made as 
shown by stacking three one-unit rods, two red and one blue. 
The other blue rod at position P. is one unit high. 

Suppose, at position B, the top one-unit rod is cut in 
half, the top half is removed and placed on top of the one- 
unit rod at position A. 

This operation "makes the B rod 2 1/2 units in height 
and the A rod 1 1/2 units in height as shown in the next 
drawing. 

er|c Z2 



The operation is repeated by cutting in two the remain-* 
ing half-unit blue rod at position B. The top half of this 
is remcvad and again placed on the rod at position. A. 

This makes the rod at position B 2 1/4 units high and 
at position A the rod is 1 3/4 units high. 

If the operation is repeated again and again then a 
process is described whereby the remaining portion of blue 
rod at position B, as shown, is cut in- half, and the top 
half placed on the accumulated sections at position A. If 
this process is continued ad infinitum, what is the smallest 
rod at position B found in the process? 

The situation is real, the question is valid, but no 
precise number answer can be given. The best answer seems 
to be: there is no smallest rod at B found in this process. 

However, a precise answer can be given if the question 
is changed to thiss 

What number L has these two qualities; 

1. Every, rod found in the process at position B 
is larger than L, and 

2. No rod is smaller than L? 

The number Ii « 2 has these two qualities. Every rod is 
larger than !• ■ 2, and no rod is smaller than L • 2. 

A similar situation exists at position A, where no 
largest rod is found in the prdcess but where the number 
L - 2 is such that: 

1. Every rod found in the process a»; A is 



snaller than L, and 
2. No rod is larger than L « 2. 
The limit of the process at both positions A and B is 
said to be L « 2 even though 2 is never found in the process. 

This idea of liinit can be nut in a more useful forxn if 
it is couched in a mathematical language*. To do this, some 
mathematical notations are needed to encompass the ideas. 

First, suppose the green band has the width shown. 
Epsilon (e) is a number greater than zero representing the 
width' above h 2, and below L » 2. Hence, on a vertical 
scale the green band is from L - e to L + e. 

For the value of e shovm every height of rod at A and 
B in the continuing process will lie with L - e to L + e. 
And in fact there seems to be, intuitively, some point in 
the process where this is true for every e > 0 no matter 
how small c becomes. 

If, for every e > 0, there is some point in the process 
such that, for every continuing step, rod heights A and B 
will lie within L - e to L + e, then the limit of the pro- 
cess is said to be L. Observe that, since e > 0 the length 
L is never required in the process, but the limit is said to 
be L if the described condition holds. 

The same process is presented next in- a slight varia* 
tion, accomodating still more mathematical notations. 

A line F is drawn from -the top of the original unit 
rod at position A to the top of the original three-unit rod 
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at position d. The positions x" are all ^ss than X and 
positions x"** are all greater than 1 and represent lengths 
along the base line from the zero position. The correspond' 
ing rod heights A;|^ and are where the rods intersect the 
line P. In this case the height of Aj^ at « 1/2 is 1 1/2 
and height of Bj^ at x* « 3/2 is 2 1/2, and corresponds to 
the first operation of removing the^^top half of the top unit 
rod at B and placing it on top of A. The idea of a function 
is now more clearly defined by the ordered pairs, x and 
corresponding rod height. 

The heights of ^2 correspond to the x" « 3/4 

and x**" « 5/4 positions of the base line. The ordered pairs 
(3/4,A2) and (5/4,B2) are indicated in this step. 

The height of A^ at x" and at x are shown. As the 
process continues by permitting x and x to approach 1 by 
an amount half of 6 (delta) , then of course the height of 
A and B approaches 2. Observe that 6 represents the dis- 
tance from x" to 1 or 1 to x*. 

Again, hotirever, there i^s no largest A or smallest P. 

The ^reen band shown here has a width L - e to L + e. 
For the value of 6 shot^ every x" and x"*" in the continuing 

V 

process will have the corresponding heights of A and B 
within this green band. 

In fact, if^ for every e > D, however small, there is a 

5-^ 



corresponding value of 6 > 0 such that heights A and B are 
within L - e to L + e for all x", values between 1-6 
and 1 •¥ 6f then rhe limit of the process is L » 2. 13ote 
that the limit J* ^ 2 does not require that L » 2 be found 
in the process. 

Suppose in the beginning the top hhlf of the remaining 
blue section at B is discarded instead of placing it on 

v: 

top of A. Then for all values of x", A r^ains 1 unit and 
as x**" approaches 1, B decreases to approach 2. 

In this process it is no longer possible to. say that 
for every e > 0 there is some point (5) in the process such 
that all values of x" and x"*" have corresponding values of A 
and B in the green band. Hence, this process has no limit. 

The intuitive limit L *= 2 found by the process of re- 
moving the top half of the top unit from B and placing it 
on A is a suitable basis for the important concept of the 
limit of a function as defined by an equation. The idea is 
basically the same but the process is now described mathe- 
matically and is much more flexible and rigorous. 

First f the equation 

H(x) « Z 1 

defines a set of ordered pairs for all values of x, except 
J5 « 1. If X - 1 is divided into x^ - 1, then 
H{x) « x + 1 

and if X " 1 is removed from the domain of this equation 
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then the same set of ordered pairs is defined by both 
equations. For instc^^nce, if x « 2, H(2) « 3 for both 
equations. Or, if x » 0, B(0) » 1 for both equationts. These 
ordered pairs, (2,3) and (0,1) describe the height of the 
original rods B and A at the beginning of the process. How- 
ever, instead of using rod heights to describe the process 
the value H(x) of the ordered pairs defined by the equation 

H(x) « " } 

will convey the same idea if x is permitted to take values 
of half the remaining interval to 1 fr^ both x" and jr**" 
positions. That is, x" takes on values of 1/2, 3/4, 7/8, 
15/16 etc. and x"*", 3/2, 5/4, 9/8, 17/16, etc. The corres- 
ponding values Htx) will, then describe the process. 

13. For instance, for x"" = 1/2, the broken red line repre- 

sents as length the value H(x~) or in this case H(l/2) and 
from the defining equation H{l/2) « 3/2 units. Likewise, the 
value if x"*" = 3/2 has the corresponding niK*) or H(3/2) » 
5/2 from the defining equation. 

To convey the same idea of diminishing B and increasing 
A, the values of x* and x"** and corresponding H(x'*) and H(x*) 
must be chosen so x" and x* approach 1 by 1/2 the remaining 
interval. If this is done then the original process is 
described exactly but by using a mathematical notation for 
the idea. The limit of the process of increasing H(x") and 
decreasing H(x'^) is still L » 2, 

This idea is next put into better mathematical form. 



First, the symbol 6 is used to provide an interval about 
X " ■ 1 but not including x « 1 . This interval is from 
1 * 6 to 1 -I- 6 as shovm here, x 1. 

The symbol e provides a band width about L * 2 from 
L - e to L + e. The mathematical idea of - the limit of the 
fvmction is now expressed in this form: 

For the function H(x) - * ^ , the limit L of this 
function as x" and x"*" approach 1 is L « 2 if: 

1. For every s > 0, however small, forming a 
band width L - e to L + e 

2. there is a corresponding 6 > 0 about 1, (not 
including 1.) forming an interval of 1 - 6 
to 1 + 6, such that; 

whenever x" x"*" is in the interval, 1-6, 1 + 6, 

the height H(x} is in the interval 1 - e to I, -f e. 

Of course, as e > 0 is chosen smaller, so must the 
value of 6 be chosen smaller. For this function, that 
always appears possible^ by simply choosing 6 < e. 

In simplified form then: by calling x" and x**" just x, 
limit H(x) » L 

X-1 ■ ^ 

if: for every e > 0 there is a corresponding 6 > 0 
such that when x is in 1 - 6 to 1 + 6, H{x) value is bet^i^een 
L - E to L + e, j 

It isn*t enough to show 'a corresponding 6 for the one 



e > 0 shown here. It must he possible to show that for 
every e > 0, however small, there is a corresponding 6 > 0 
such that when x is 1 - 6, 1 -i- 6, H(x) is in L * e, L + c. 
As shown here, whenever x (either x"" or x"*") is in the 
1 ~ 6, 1 6 interval the corresponding H(x) (vertical red 
lines) terminates in the L - e, L + e interval. 

The condition where rod A remains a constant height 
equal to 1, and B decreases as before is described mathemati- 
cally by the equation; 

1, (0 < X < 1) Domain 

H(x) «• < 

1 1 + X, (1 < X < 2) Domain 

The graph of this equation looks like this, x values 
are measured on the base line and values of H(x) are verti- 
cal distances from this. For values of x between 0 and 1 
H(x) is a constant value equal to 1. 

limit iKx) * 1 

X"^l~ 

The notation means the limit as x approaches 1 from 
values of x less than 1 (corresponding to x"* Values) and 
hence is called a left hand limit. 

For every epsilon (e) about H(x) « 1, every x" in the 
left haiid interval 1 - 6 to 1 has its corresponding nix") 
in the interval 1 - e, to 1 + e. 

Also 

limit H(x) » 2 
x-l**" 

implies that only values of x greater than 1 are considered. 
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QX only x**" values, and the limit is a right hand limit, 
since: 

For every e > 0,. there is a 6 > 0 such that every 

X* in the interval 1 to 1 + 5 has its corresponding 

H(x'*") in the interal (2 - e, 2 + e) . 

Clearly the limits are not the same, since 

limit T!(x) « 1 
x-1" 

and 

limit H(x) « 2 
x-^l+ 

although the left and right hand limits exist, since 

limit H(x) ^ limit H(x) 
x-l"^ -1+ 

The limit !I(x) does not exist. 

X'-'l 



19. For a function H(x) to have a limit at x « a 

limit' H(x) =• limit H(x) - limit H(x) 
x-*a x-'-a"' x-^a** 



20. In finding the limit of the function 

H{x) « x^ - 1 

as X approaches 1, observe that x » 1 is never used and yet 
the 

limit H(x) « 2 
x-*l 

Since X «■ 1 is not used in describing the limit process, the 
fiinction can have any value or no value at x » x* 
For instance, the function shown here 
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6(x) - 



X + X,|"x 1 



3/2 , [_x =» 1 

defines exactly all ordered pairs defined by H(x) and one 
more, i.e., x «> 1, G(l) « 3/2 or (1,3/2). 

21. Returning to the original process of decreasing one rod 
and increasing the other, the question is asked: T«7hat num- 
ber L has these qualities: 

1, Every rod length G(x~) is smaller than L, 

2. No rod length GCx") is larger than L7 
Again, L « 2 has this quality even though 0(1) « 3/2 which 
does not equal L. 

Also, 

1. Every rod G(x'*'J is larger than L » 2, 

2. No rod G(x"*') is smaller than L « 2. 
Since the value of the function G at x « 1 is nob 

essential to describing L « 2, G(l) can have any value or 

no value at x » 1, and 

limit G(x) » 2 
x-^l 

22. The mathematical description of the limit remains un- 
altered. That isr 

1. For every e > 0, hwv^ver small, 

2 . There is a 6 > 0 . 

such that: 

3. When x is in (1 - 6 , 1 + 6) , x ji^ 1 

4. G(x) is in (L - e, Ii ♦ e) . 
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Hence « 

limit G(x) « 2 

23. Finally » suppose the fxmction defined by 

H(x) - I ^ 

is changed by adding the ordered pair (1,2). Call this 
function 

F(x) « X + 1. 

It differs from H(x) by only the one ordered pair (1,2). 

24. Again L 2 satisfies the ttvo conditions; 

1. Every F(x"*) is smaller than L « 2. 

2. Ho F(x") is larger than L » 2. 

Also, 

1. Every F(x**') is larger than L « 2. 

2. Fo F(x"*') is smaller than L « 2. 

However, there xs^one unique quality about the function F(x) 
and that is: 

F{1) « L « 2. 

T-^hen this quality exists for any function, then that function 
is said to be continuous at that value of x.. 

25. The mathematical description of the limit again remains 
unaltered. That is? 

1. For every e > 0 

2. There is a 6 > 0 " 
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3. t'Then x is in (1 - 6, 1 + 6) x 1 

4. F(x) is in (L - e, I. + e) . 

26. In this case: 

limit F{x) « F(l) 
x*l 

This statement implies: 

1. That the limit exists. 

2. That X « 1 is in the domain of F(x) . 

3. That the limit L of F(x) is F(l). 

'v^hen these three conditions hold, the function is continuous. 

27. Wote that for 

H(x) « 

X ~ 1 

x « 1 is not in the domain. Hence, H(x) is not continuous 
at X a 1. 
Also, 

r X + 1, X 1 

G(x5 « { 

j 3/2 , X « 1 

and 

Gil) t L 
since L • 2 and G(l) = 3/2. 

Hence, it also is not continuous at x » 1. The idea of 
function limits and the related idea of continuous functions 
are important to understanding the basic calculus concepts 
which follow. 

ERIC . ' O'J 
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28. Since: 

limit fix) « 5 f (X) - 2x + 1 
x-*2 

If s 

1. For every e > 0 

2. There is a 6 > 0 

such that: 

3* tohen xisin2-6,2 + <S, 
4. f(x) is in 5 - e, 5 + e. 
The limit can now be proved from the definition. 

From definition part 4., f(x) is in 5 - e, 5 + £, hence, 

29. 1. 5 - c < f (x) < 5 + E (f (X) is in L-e, L+e) 
or: since f(x) « 2x + 1 

2. 5-e<2xHl<5+E. 
Solving for x; 

5 - e - 1 ^ ^ 5 -f £ - 1 
< X < s 



Simplify: 



3. 2-|.<x< 2 + 2' 
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Note here that when x is in (2 - e/2, 2 + e/2) , f (x) is in 
(5 - e, 5 + E) . 

4 • This is equivalent to parts 3 . , 4 . of the 
defi.Aition if 5 is chosen £ c/2. 
Hence : 

1. For every e > 0 

2. Choose 5 < e/2 

And 

• 6l 
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3. When xl8in2*-5, 2<f6 

4. f (X) will be in 5 - e/2, 5 + e/2. 

30. The limit of a function also includes ti*o somewhat 

different conditions. Suppose 

f (X) • i 
X 

then 

limit 1 
x-'-O * 

depends on whether x approaches zero from positive or 
negative values of x. 

limit i « - » 
x-^0* 

and 

limit i » 0 
x-^O"*" ^ 

and 

limit ^ = 0 
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DEHIVATIVES 
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The concept of Derivative of a Function is one 
of the major concepts of this course. You should 
direct your efforts to mastering this idea in the 
two categories of a. theory, b. technique. 
It is possible to do well in part b, without actually 
understanding the meaning of the derivative (part a.). 

Part b. is revealed essentially in working pro- 
blems. To be really proficient you must understand 
the ideas behind the problems. "Getting the answer" 
here is of secondary importance. A "correct anst^^er" 
simply suggests that your technique in following math 
rules is probably correct but doesn't necessarily 
imply that you understand the ideas or concepts. 



PROGRAM 

1. Lecture: Educational Media Center. See E.M.C. Directory for 

Dial Access and slide location. 
Subjects Derivative Concept. 

Be prepared to go over all or parts of this lec- 
ture more than once. Use the slide text included at 
the end of this section for detail study. Take notes 
on parts you can't follow and ask your instructor 
about it. 
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2. Reads Derivative -* Definition and Tangent Lines , 

Refer to Headint^ Prdgram # 2 (Derivative) 

Relate your reading to the lecture on this subject. 
This isn't repetitious reading; it is supplementary. 
Give special attention to the definition of the deriva- 
tive and the math motation used. You roust not only know 
the definition — it must be meaningful to you. Study 
the method used to find the derivative of a fvnction. 
Write out your system for doing this. 

3. problem Educational Media Center. See E.M.C, Directory for Dial 
Study : 

Access and Slide location. 

Your major objective here is learning the technique 
of finding the derivative. This includes knowing the 
correct mathematical operations to perform and how to 
perform them. Of secondary importance is the technique 
of finding the equation defining tangent lines. 

Example 1. 

Find the derivative of the function 
F(x) » 

Finding the derivative of functions is necessary 
and in most case 3 a fairly simple task. These problems 
are designed as exercises to help you understand how the _ 
derivative of a function is formed from a function. 

Keep in mind there are always two functions involved 
in this process: 

1, The given function f{x) 

^ 6 7 
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2. The derivative of the given function 
f'(x)^ 

It is the relationship between these two functions that 

forms the basis for much of our future effort. 
Since 

f(a) « limit f(a 4- h) •> f (a) 

h-0 ^ 

This must be evaluated for P(a), hence; 

F'(a) « limit F(a -f h) - F(a) 
h--0 " 

- limit + h)"2 , a"^ 
h-0 ^ 

Simplify this algebraically and find the limit if 

it exists* 

Example 2. 

v>'e are to find the equation for the tangent and 
normal line to the graph of a function defined by 
f (X) - x2 - 3x + 2 at (2,f (2)) . 
To see V7hat you ar^ doing' you should sketch the 
function given. It helps to write this in the form 

f (x) » x2 - 3x + 9/4 - 1/4 
obtained by "completing the square". 
Then 

f (x) « (X - 3/2)2 - 1/4 
and the vertsx of the parabola is at point (3/2,-1/4). 
Additional points can be plotted and the point (2,f(2)) 
located. Now find f*(a} where a * 2, and proceed with 
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the problem. 



fMa) « limit f (a -f h? > f(a) 
h-0 ^■ 

« limit ((a-t-h)^ - 3<a-fh) 4- 2 - (a^~3a42)) 
f (a) - 2a - 3 



or 



f • (2) « 4 - 3 « 1 
The slope of the tangent line is 1. The slope of 
the normal is the negative reciprocal, or 

— 1 m — 1 

Now complete the problem with the appropriate graph. 

4, Problems: Refer to Assignment Program # 4. (Derivative) 

5 . Read : Continuity of a function — Differentiation Formulas . 

Refer to Reading Program #5. 
Remember ; 

1. Theorem 5,5. I' the function f is different- 
iable at a, then f is continuous at a. (The 
converse is not true.) What is the converse? 

2. If limit f(x) « f(a) 

then limit f(x) « limit vf{x) 
x-^a"*" x-*a* 

3. The derivative of a constant is zero. 

Dk « 0 

4. The derivative of x is 1. 

« 

DX ■ 1 



5, The derivative of the power function 

DK^ « nx^-^ 

6, The derivative of a constant k times a function 
f(x) 

Dkf (x) « kDf (X) 

7, The derivative of the sum of two functions is 
the sum of their derivatives. 

if 

F(f 4- f) a Df + E^. 

8, The derivative of the product of two functions 
(fg)a 

D(fg) - fDg gDf 

9, The derivative of the quotient of two functions 

D(i) = ';^pf " . ^ 

^g' „2 g 0 



6, Problem Educational Media Center. See Directory for Dial Access 
Study ; 

and Slide location. 
Examples 3, 4, 5. 



Example 3. 

We are to differentiate 

G(t) « (3t^ + 1)2 
Write this in the foim 

G(t) « (3t2 + 1) • (3t2 + 1) 
and use the product formula. (No. 8) 
Work out the details and verify your work. 



Example 4. 

Given: G{x) » (x^ + i^) 
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Find GMx) . 

It might be easier to w^ite this as 

G(x) « (X^ 4-1)2 
and use the product formula, and quotient formula, 



ExamDle 5. 



Fin4 the derivative of 

G(x) |x^ - 1| 
Since there is no formula for differentiating an absolute 
value, this is first removed by u -e of the definition^ 
for absolute values. Write the function as, 

G(x) « x^ - 1 for (x^ - 1) > 0 

G(x) « -(x^ - 1) for (x^ 1) < 0 

3 

G(x) =0 for X -1=0 
The derivati^ each of these can be easily found along 
with the domain. Does the derivative exist at x - 1? 



7. Problems: Refer to Assignment Program # 7. 

Differentiate 

1. f(K) = x'' + 3x3 - 6 

2. Fix) ^ (x^ - 2x + 1)^ 

3. G(y.) (x^ - 1) (x^ + ?x + 1) 

x^ - 1 



4. K(x) - -^^r^ 



'5. h(x) = ^ 



V? 1 



6. F(x) » (X - i) 

X 



7. f(x) « 
o x^ 
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8. g(x) - 3x-2 

9. r(t) - t° 

10, f(t) = + -ir 



8. Lecture: Educational Media Center. See E.M.C. ni rectory. 

Subject: The Chain Rule, 

9. Read: The Chain Rule . Refer to Reading Program # 9. 

Remember; 

1. D(f o g) (a) = Df ^(g(a)) Dg{a) 

Df^ a r f^'^ Df (r rational) 

10. Problem Educational Media Center. See E.M.C. Directory for Dial 
Study : 

Access and Slide Location, 
Examples 6,7, 

Consider first a previous problem: 
Example 6 . 

Given: G(t) Ot^ + 1)^ 

Find: G' (t) 
Use the differentiation formula 



letting 



Df^ = rf'^"*^ Df 



f « 3t^ + 1 and r « 2, 



then immediately, 

G' (t) = 2(3t^ + 1) D{3t2 + 1) 

or, 

G' (t) « 2(3t2 + l)6t =^ latOt*^ + 1) 
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Example 7. 

Givens h(2) - /rT'z 

Find: h» (z) 
Recall: 

Df^ » rf^'^ Df 
Suppose the problem is written; 



h(2) « (t-t-^J'^ 
1 + z 



and 



f is given by ^ " ^ 

i + z • 



You can now apply the above formula directly but 
you will need the quotient formula to finish the proble 

Example 8 . 

Given: F(y) « (y - ^0^^^ 

Find: f ' (y) « 3/2 (v - 1)^ F(y - i) 

y y 

11. Problems: Refer to Assignment Program # 11. 

12. Read: Implicit Differentiation and Higher Derivatives. See 

Reading Program #12, 



13. Problem Educational Media Center. See E.M.C. Directory, 
Study: 

Examples 9, 10. 



Example 9 . 

2 

Given: xy - y + 6x « 0 

Find: y* Use implicit differentiation. 



Suppose xy^ - y + 6x « 0 is solved for y. Then 
y * f(x). Actually in this case it is possible to solve 
for y, using the quadratic solution? 



"1 ± /I - 4-X-6X -1 ± - 24x'2 

y " 2x 

Hence, y f (x) = ^ ^ - - 2^x^ 

2k 

In many implicit functions it is not possible to 

solve explicitly for y in terms of x. However, assume 

it is and that 

y « f (x) . 

Then to emphasize this, write 
o 

xy - y + 6x * 0 

as 

xf (x^) - f (x) + 6x « 0 
Now apply the Chain Rule to each term 

xDf2(x) + f^{x)Dx - Df(x) + D6x = 0 

or 

X • 2f(x) • f'(x) + f2(x) ■ 1 - f (x) + 6 - 0 
Solve for f ' (x) 

f • (x) (2xf (x) - 1) » - 6 - f^(x) 

r2 



^ 2xf(x) - 1 

Since y » f (x) 

, 6 ♦ 
y * - 2xy - 1 
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Example 10. 

Given: x + x^y^ - y = 1 (1,1) 

Find: Equation of the tangent line at the given 

point to the given curve. 

We must find y'(l,l) to get the slope of the 

required tangent line. Then use the point slope to 

find the required line, 

I 

14. Problems: Refer to Assignment Program # 14, 

15. Read: Notation for Derivative . Refer to Reading Program # 15 

Remember ; 

1. Chain Rule in Leibnitz notation. 

2. Product formula in Leibnitz notation. 

3. Differential y (dy = f ' (a) dx) . 

4. Geometric interpretation of dy. Ay. 

16. Lecture: Repeat PROGRAMS 1, 4. 

17. Problem Refer to Assignment Program # 17. 
Revifew: 

The purpose ir working problems is to leinforce 
your understanding of the concepts involved and to 
provide practice in applying this knowledge. Keep in 
mind these objectives as you are working the problems. 
If you blindly follow a rule to "get an answer" your 
proficiency is greatly diminished. 
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READING PR0GRM1 Derivatives . 

All references are to the textbook, .'ghnson and Kioke' 
meistor, unless otherwise noted. 

Program # 2. Derivatives — Definition and Tangent Lines. 

Pages 106 - 111. 

# 5. Continuity of a Function 

Differentiation Formulas 
Pages 113 - 119. 

# 9. The Chain Rule 

Pages 120 - 124. 

#12. Implicit Differentiation and Higher Derivatives. 
Pages 125 - 128. 

#15. notation for Derivatives 
Pages 123 - 132. 
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ASSIGNMENT PROGRAf! — - Derivative. 

All pac'e references are to the textbook, Johnson and 
Kiokemeister , unless otherwise indicated. 

Hand in all assigned problems. They will be corrected 
and returned to you. 

Program # 4. Page 112. Problems I, 1-9. 

# 7, Problems 1-10, Program ^'anual 
Page 119. I Problems 1-10. 
Page 120 II Problems 1, 5, 

#11. Page 124. I Problems 1 - 9, 11, 13, 15. 

#14, Page 128 I Problems 1, 3, 5, 7, 9, 11. 

#17. Page 133. I Problems 1, 2, 5, 7, 10. 
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Title The Derivative of a Rmction 

The aiat}^statical concept discussed liere is called the deriva- 
tive. And, since it is derived fnam a fimction it is gei^rally 
referred to as the derivative o£ a function* 

It is especially iinportant that the function con<»pt be under- 
stood as a set of distinct ordered pairs having no two first compo- 
nents tt^ same. 

.Ml fimctions will having a defining equation. Fbr instrrice 
in the function defined by the equation 

U(x) » 3x2 

ordered pairs may be derived as follows: 

U(l) - 3 
giving the ordered pair (1,3) 

U(2) « 12 

giving the ordered pair (2,12) and so forth. Observe also the 
notation: 

U(z ♦a) - 3(z + 3)2 

which has the ordered pair 

((z * a), 3(2 ♦ a)2) 

WithcRJt the defining equation of a function there is no way 
to find the derivative of the function. This <toesn*t inean that if 



a function is defined by an equation that the function has a 
derivative. Mai^ fimctians have w derivatives. 

The derivative of a function is itself a function. It is to 
the relation between these two functions that we direct out atten- 
tion. Most math concepts are abstractions. That is, they are 
ideas \iewed g^art from the concrete. 

For instance, the concept or abstraction of roundness, is 
inherent in these concrete exan^les. If the idea of roundness is 
abstracted from these itaos it can then be ^lied to any item 
having this property. It is in^xjrtant to be able to distinguish 
l^tween the abstraction and the concrete exainples. That is, we 
would not say "roundness is an orange" but rather, an orange is 
a concrete example of the quality oi roundness. 

hfost math concepts are defined in mattematical notation or 
theomis. However, unless one understands the idea involved first 
the definition provides little nelp. Rsiundness can be defined in 
a mathematical sense by the function defined by * * * , 
but this provides limited help in understanding the concept of 
roundness unless 

as shown here a concrete example of the grapli of this function is 
used with it. 

The definition of the derivative f'{x) of the function f(x) 
is ^fined by this mathematical notation 

rcx) . lim fCx-^^) " . . 

h 0 h 

if the limit exists. 

7n 



m 3«P 

This describes the concept matliejnatically bwt gives little aid 
to ax^ depth of undei^tanding. 

Several concrete situations are next presented interpreting 
this definition in explicit manner. 

8- Title Velocity and the Derivative 

Velocity and speed have similar meaning and will, at first, be' 
used interchangeably although velocity has the quality of direction 
of notion not usually associated with speed. 

9. Suppose a car starts in motion from the rest position shown 

here. 

10. It increases in speed. 

11. And finally moves out of view increasing in speed as it does so. 

• 

12. Of particular interest are two qualities exhibited by the car. 

1. position of the car on the road and 

2. speed of the car. 

These qualities are different but inseparable. 

13. Suppose the car could be tuned as it reached certain marks on 
the road. For instance the car starts in motion at the zerc mark. 

14. Reaches the 36' mark 3 seconds later. 

15. "nie 49' mark at 3 1/2 seconds from start. 

16. TkB 64' mark at 4 seconds fran start. 
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And fijmlly crosses \*he 100' marie in 5 seconds fmn start. 
.Tbs oxdere'i pairs of time and position foun^ from this are: 
(0,0), 1C3,36), (3 1/2, 49), (4,64), (5,100) and fbxm a function 
defining tiin^ and positicm of the car. Hie first conipoi^nts of 
these ordered pairs a-re the domain of the fimction and the second 
coo|xsients are tlie range. 

Let t be the independent variable and L(t) the dependent 
variable then it might be assuned that the equation L(t) - 4t^ 
having the domain (t » 0, 3, 3 1/2, 4, 5) defines tlie fisiction as 
measured. Assist this equation is valid for all values of (t) from 
zero to 5 inclusive. 

The position of the car is tlKn described for every t in the 
closed interval [0,5]. TMs equation is a mathematical description 
of the quality of pa iti<ai of the car at each instant but says 
nothing eorXicitly aboit the quality of speed of the car at each 
instant. 

Whe /er tlie quality of speed is, vhis function does not 
explicityly define it. 

Consider the two positions (3,36) and (5,100): These are 
ordered pairs fro® the position function, but they also say sonistliing 
about speed, since if the car moves fran 36' to 100' in tivo second?, 
then this implies a speed of 

- -/sec. 

The car is in the condition of speeding up, hence it can't be 
said its speed is actually 32 '/sec. during this 2 second interval. 
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but Is either sieger or faster than this amount and is correct at 
only one instant in this inter\^ of tajoe. To is^tcve the descrip- 
ticHi a analler interval of time could be used, isay from 3 to 3 1/2 
seconds or 36' to 49*. 



20. TMs gives 

49 > 36 
1/2 



» 26Vsec. 



as the speed. Again, since the car is increasing in speed over this 
interval it is accurate at only cm instant. The remaining tine 
it is eitlier slower or faster than this amount. ' 

Instead of taking a fixed interval siqjpose the interval is made 
variable by letting the letter h represent a positive nimber. Then 
frcSQ the defining equation for position, the expression for speed ^ 
could be written > 

22. L(3.h} ■ L(3) L(3*h? - L(3) 

(3+h) - 3 ^ h 

The interval can now be made small by making h small approaching zero. 

23. Use the definii^ position equation to find L(3 •♦■ h) 

24. L(3 ♦ h) - 4(3 + h)2 » 36 ♦ 24h * 4h2 

25. Speed « ^^^^ — for any h. 

By staking h :^^1 the interval is nmde rmall imtil as h -^^ 0 a 
mathematical expression for speed at '^ne point of position is actually 
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Sin^lifying: by cancelling h fixm ramerator and dencminator 

Speed - lim i??LU]li « 24 '/sec. at t - 3 ^ 

h 0 ^ s, 

This is a prscise mathematical representation of the quality of 
speed for the car, but it is given for only one instant, (t « 3) 
and says nothing about the speed at any other point. 

Instead of making the position at 36' fixed supp<»e it is a 
get^ral posi^on, called LCt) , then let the^ other position be 
L(t ♦ h). Positicm L(t) occurs at t seconds and L(t ♦ h) occurs 
at (t ♦ h) seconds, hence 

The expression becomes: 

L(t ^ h). - 1(0 
(t * h) - t 

The velocity is tJ^n defined as shoifln. This is very general since 
from the j-asition equation 

L(t) « 4t2 

. L(t ♦ h) and L(t) can be brought arbitrariJy close together by 
making L as sniall as nf^cessaiy. As h is squeezed toward zero a 
ma|iieraatical expression ctescribing the qualit" of speed is obtained 
for any position in our ojr-sideration. 

This can be said mathematically by tlie expressi<m 
h ■► 0 " 



But new since the speed is precisely deteimined by the position 
function its dimrtion is also detexBiined and therefore it is 
advisable to use velocity instead of speed. The only infoirnation 
used in findying this expression is that given by the position function 

30. Con^)are this with the definition of derivative f * (x) for the 

function f (x) 

f.(x) . liin f(x*h) - fW 
h 0 H 

Since these two expressions are identical in form, it can be assun^d 
that the eiipression for speed, if the limit exists is actually the 
derivative of the position function, 

L(t) - 4t2 

and can be called 

31. 

L' (t) « lim ' « velocity 

h 0 n 

,* 

32. To evaluate this expression; L(t*h) - lit), must be found frcsm 
the position function L(t) « 4t^. 

33. The lira ^^^"^^ " ^ft) becanes: 

h 0 ^ 

h 0 h 
This may be simplified alg^raically to 

34. Line S. 

. 4t^ » 8th 4h^ ' 4t2 

h > 0 h 
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The first and last teims in the nuserator may be cancelled. Divide 
. mh from the demoDjiiiator into the remaining mnerator teros. Then 
* as h 0 this expression sin?)lifies to L* (t) ■ 8t. 

35. The two qualities of position and speed associated with the car 
in motion are now precisely described mathsnatically by the two 
functions (sie of which is the derivative of the other. For any 
positicm of the car say at t - 3 and L(3) ■ 36 the velocity of the 
car is 24 feet per second. 

This is a concrete example of the derivative of a function and 
must not be construed as a ^finition of ths derivative. To say the 
derivative is a velocity wixild be like saying mmdness is an orange. 
Velocity is an sample of a derivative of a position fimctioi. 

36. The idea of rate will be used in the neact concrete interpreta- 
tlcm. The dictionary definition of rate is the amount of sometMng 
in relation to units of scxnething else, )^3plied to this expo^le 
rateis the amcxmt of diange of position in relation to unit change 
in tine. It is frtan this tJiat rate is given ttts meaning of velocity. 
Ikx^^ever, rate can be applied in other ways as will be shown in the 
following example. 

37. im DERIVATIVE INTERPRETED GRAPHICALLY 

33. The derivative may also be interprets graphically. In doing 

this the Cantor-Dedekind axiom is used. This axiom assuoes all real 
nmiiers can be placed in one-to-one correspandence with the points 
on an infini^te straight line. The real mn^rs are in this case 
'given the meaning of length in* position on a lii\e. Any real positive 
or negative ntn^r can tm**: be po9iti(Hied from zero in the appn^riate 



dixiecticai of the line. If two such lines are placed perpendicular 
to each othet a pXai^ is detenoined such that any two nunbers will 
detemine a unique position of the plane. 

Itiese two lines, called coordinates axes, are shown peipendicu- 
lar to eadi other. It is assumed eadi line is infipite in length 

« 

and cfflitains all real nunbers. Each position on the black axis is 
assimed to extend along an intersecting black line, and each position 
on the red axis is assunied to extend alraig an intersecting red line. 
The zero pc^iti<Hi is called the origin. 

Sane of tlie ordered pairs defined by the equation L(t) » 4t2 are 
given here: all ordered pairs are elements of tl^e function set. 
All first ccB?x»^ts of tl^se elements are a set called the domain- - 
these are the black nunbers. All seccHid components are a set called 
the rangfe of the function- -these are the red nunbers. 

For any ordered pair the first canpotent is positioned along tlie 
black axis- the second along the red axis. Vot instance, the 
ordered pair (1,4) is positioned by the intersection of the black 
and red lines at the I, and 4 position on the axes. 

It is quickly apparent thai sudi nuo^jers as 64 cannot be found 
on the red scale as shown. 

Hence the scale is changed as shown here. 

The ordered pairs are positioned on the cartesian plane, labelled 
as (1,L(1)), C2,L(2)) etc/ln i^ich L(l) - 4 and L(2) « 16. 

Ttie assu^ion is made that if ail ordered pairs of the 
defining equation were so posiuoned they would fonu the curved line 
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as shown. This lim is a two space visualization of the entire set 
of ordf red pairs defined by L(t) ■ 4t^ in the domain -4 <. t <. 4. 
It is visually dislforted because the scale was changed in csie direc- 
ticm and not in the other. Honrever, the relative shape of the 
graph is visible. 

Note the two positions (3,L(3)) and (4,L(4)). 

44. 1,(3) and L(4) are r^resented by positions cm the range axis 
and 3 and 4 by corresponding positicsis on the dcraain axis. The 
change in position fnxi L(3) to L(4) en the range caqsared to the 
correspondii^ change frcm 3 to 4 on ths domain is described by the 
general idea of rate. 

45. In this case rate as the amnmt of something in relation to 
UTiits of something else beccroes: The aoount of change of range per 
unit change in dooiain. 

For the two points considered: 

46. The rate is expressed by 

LC4) - L(3) 64 - 36 
^-i -i^ or ; . 28 

4-3 1 

Or, the anujunt of change in petition of the range for a unit change 
in danmin is 28*'/inch. 

The equation L(t) « describes each point on the graph but 
just as with the car it does not expmss how fast the range is 
changing as the doBiain changes. 

The expression for rats shown descriH?^ this but not precisely, 
since it assuaes this rate occurs over the ertire domain 3 to 4. 
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47. If a smaller interval is chosen such as from 3 to 3 1/2 then frcra 
L(3) to L(3 1/2) the rate is 



^1^-26'Vinch 

"Hie rate of change of range ccmpared to domain is not constant, when 
coropared to the rate over the previous interval . 

48. For an interval chaise of 1/4 the range changes at the rate of 
25' '/inch, indicating again that the rate is not ccmstant even over 
the smaller previous interval. 

49. Attempting to find the rate ^ change in range ccn5>ai:ed to a 
corresponding change in dcroain in an interval aj^roadiing zero 
requires again making the interval variable. That is, consider 

C3,L(3)) and ((3 ♦ h), L(3 * h)) 

vihsTe h is a small positive number. 

50. The rate is expressed in line 1 as 

^C3 ^ h] - L(3) 
h 

ami when the defining equaticm is usetl to simplify this it becanes 

h 

as giv©i in line 2. 

51. If h ^roaches zero then the rate is 2S"/inch. This gives the 
rate of change of range compared to the <kinain precisely but only 

at one position where t «« 3 and 1(3) • 36. 

tin 
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52. To find this rate for any other position, assume the general 
positions at and P. Pj^ is positicmed by the ordered pair 

(h, L(ti)) 

and P by 

((ti ♦ h), LCt^ ♦ h)). 

53. Hie rate is then givsn in line 1. as 

L(ti * h) - L(tx) 
h 

' If h is permitted to approach zero this fbnn is again identical 

to the definition of vhe derivative and on siiaplifying can be called 
L'(t), as the derivative of L(t) or, 

L» (t) • 8t 

vdiich in this case expresses the rate as chaise in range compared 
to the change in domain at each position of donainjt on the graph. 

If t • 3 the range is changing at a rate 24 times the donain 
change. 

54. THE FUNCTION DERIVATIVE AS Hffi SLOPE OF A TAT^GEOT LINE 

55. The function defined by 

L(t) ■ 4t2 -4 < t < 4 

is shown in gri^hic form vSiero each position on the graph expresses 
an ordered pair of the functicsi.^ 

Fbr the particular ordered p^rs shown the rate is given by: 

ERIC 
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56. IC4) - L(3) 

4-3 

and expi^s the change in range for a corresponding diange in domain. 

57. A line S (called a secant liije) drawn through these points has 
a slope (m), vAixdi is identical to the rate. Rate, then, as change 
in range ox^axed to change in danain is equal to the slope of the 
line through the points considered. 

58. Consider the secant line S and the angle 9 (theta) it makes 
with the positive direction of the x axis. This is called the angle 
of inclination of line S. 

The tangent of 9 is also eaqjressible in ittentical fbxm to the 
slqpe and rate. 

59. Hence the rate, slope and tan 9 are all equal. If the .two 
points are expressed in general foxro using (t,L(t)) and ((t ♦ h), 
L(t ♦ h)) and rate is expressed as: 

h y ir " 

C 
s 

then the secant lin^thnxjgh tiiese points becaaes the line tangent 
to the curve, having a slope equal to its tangent of inclination 
which is equal to th© derivative of the functiwi. This is an 
important relation and one wiiidi should be understood in each 
meaning. 

At any point (t, L(t)) -m the grai*i of the functicm L(t) • 4t^ 
the slope of the line tangent to this curve at this point has the 
sane value as the derivative L' (t) of the function. 
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The temptation esdsts to define the {lerivative as being the 
slope o£ the tangent line. This is another &Kmple of calling 
roundness an orange. The derivative is defined as statanent 2. 
vdiich equals all the items in statement 1. 

Since V (t) « 8t the slope can be expressed at any value t. 
For instance, if t • 3,, L' (3) « 24 and tan 9 • 24 • m. In the 
final exan^''», presented next, a function is generate and its 
derivative is given still another meaning. 

60. THE BOX FmcriaN 

From a sheet 6" x 8" in size a box is fbnned by cutting out the 
comers and folding up the remaining strips to fonn the sides. Eadi 
comer cut out is a square "a" inches on a side. This beccmes the 
height of the box when the box is formed. 

Frt3o\ the diniOTSion given the length is (8 - 2a) , the width 
is (6 - 2a) and the height of the box is "a". The volume is given 
by the product of these three dimensions. Wlien multiplied together 
and simplified tiie volume expressed in equation fom is 

V(a) » 48a - 28a2 ♦ 43^ 

This has meaning only viben "a" is greater than or equal to zero or 
less than or equal to 3 since the box will exist only for these 
numbers. Ifence, the function domain is 

0 a <. 3 

62. l^en "a" equals zero the plate is defined having a volunie of 

zero. This is tlie first ordered pair shown in the left coluni. 
Boxes com.spond3jng to "a" • .S, l.S anci 3.0 are shown with th,^ir 
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correspof^ing ordered pairs. 

63. Assuae the cyfiiuter shewn holds 30 cubic inches of water vMch i 
is peimitted to drain into the box as it changes size for different 
values of "a". 

64. Fdr "a" - 1/4 inch the volune indicated is about 10.3 inches. 

65. For "a" « 1/2 the volume indicated is 17.5 cubic inches. 
Althoii^g^ "a" doii>led V(a) the voluae did not. 

66. For "a" « 1 inch the volune indicated is 24 cubic inches. Again 
doubling "a" did not double the volune. 

67. Haw does the volune change as dimension "a" clianges? 

68. Applying the idea of rate as the amount of something in rela- 
tion to units of scinething else the expression beconKs: 

69. Rate as the amount of change of volume in relation to unit 
diange in dimension "a". 

For instance, the change in voluae if diirsnsion "a" changes 
■ from 1/2 to 1" is 24 - 17.5 or 6 1/2 cubic inches. 

70. Rate can then be expressed using the function notation 1^.5 " 
V(l/2) and 24 - V(l) as: 

VCD - v(i/2) . u 

" 1 - 1/2 — cubic inches per inch. 

This implies that the change of volui» is constant over this interval 
of 1/2 inch change in dimension "a". 

There is no way of knowing if this is true unless the expression 
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v^ch describes the rate is over an interval of dimension "a" so 
small as to ai^roach zero. 

To do this, diii»nsion "a" » 1/2 is left in the general foim of 
"a" with corresponding volune V(a) as shown in red shading.' If h is 
a small positive nunber the interval from "a" to a ♦ h has a 
corresponding volune change from V(a) to V(a ♦ h) . Change in diioen- 
sion "a" of an amount h induces a corresponding change in tlie 
voluae of V(a ♦ h) - V(a) ami the rate 

is expressed as 

V(a ^ h) - VCa) 
h 

for any interval h. . , ' 

To make the interval smll let h approach zero. The expression 
then bcccmes 

Lin, na^h) > V(a) 
h 0 h . 

wMch is again the same expression as the definition for the 
Privative of a function and lience can be called V (a) . Tne meaning 
assigned to this expression is the change in volune as dimension "a" 
changes. 

To evaluate this limit V(a ♦ h) imist be expressed frcra the 
defining equation 

V(a3 - 48a - Z6a^ + 4a3 

In line 1. The equation is given. 
In line 2. the mathematical notation for the derivative V* (a) is 
given. 

'•^3 
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Une 4. expresses this as 

V (a) . lim VCa*h) - Vfa] 
h + 0 (a ♦ h) - a 

75. To evaluate line 4. V(a ♦ h) - V(a) naast be evaluated in texros 
of the given function. First find V(a + h). 

76. Fran line 1. ' 

V(a+h) - 48(a+h) - 28(a+h)2 ♦ 4(a+h)3 

Wien ejqpanded and arranged in descending powers of h this is written 

V(a+h) - 48 - 28a * h(48 - 56a Ua^) * 

h2(-28 ♦ I2a) ♦ 4h3 

77. The tems shaded red' in line 5. are identically line 1. or just 
V(a). Since in line 4. this amount shaded red is subtracted in the 
numerator, it is then equivalent to the remainder of line 5. and each 
teira of this remainder has h as a multiplier. Cancel this with the 

h in the denominator or line 4. , shaded in blue. Then, line 6. 

V (a) - lim (48 - 56a f 12a2 + hC-28 ♦ 12a) * 4h2) 
h 0 

78. As h 0 the tetras shaded in blue approach zero and are drq)ped. 
Hie rCTiaining terms are the derivative of the function V(a). "Hiat 

is in line 7. 

V (a) • 4a - S6a + 12a2 

TMs equation &sfines a functiai as a set of ordered pairs (a,V' (a)). 
For every a in "he domain, V* (a) esqpresses the rate as change in 
V(a) ccopared to "a" at any value "a". 
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79. The function V* (a) is the derivative of the function V(a3 . 

Using line 7. 

V'(l/2) - 48 - 56 1/2 ♦ 12 . (1/2)2 « 23 

Iteice when a • 1/2 inch /the volume is changing at the rate of 23 
cubic inches per inch. 

SO. TI^ process of finding the derivative of a function is shown 

here for^^jhe fimction 

<< 

U(x) « 3x2 « X 
It should be observed and recorded. 
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Flide 1. The CVj ir ^u3c 

If: 



1. f(x> is a function of x and x{t) ip a 
function of t. 

2. f and X ar*=^ di^fercntiable ^'unction*!. 



Or in Leil>nitz notetion; 
df d_f dx 

dt " dx * at 

In thi*; lecture tho i«5ea of coin^osite functions iz 
portrayod geomntricallv and fron thi*; thn Chain "ulc in 
dieduced '^bo'dncr \>o\' -huc'^ functionn arf* differentiated. 

3, A s'^ecific function f i^) ^ + 1 i? gbot-m in graphic 
form over a Rmall r>ortj.on of itn dop>ain. The indenendent 
variable i«! x. 

4. »noth3r function is added r;bov»incf x(t) « /t. 

X ig no»'' the deoendent variable and t i«5 the indenendent 
variable. The ii^nlied dotrain for x{t) « i«3, of coar«?e, 
t ^ 0. /^or any such value of t, x('..) i«? defined, producing 
an ordered oair o^ this function. For ir«»tance, if t » a, 

o !)() 
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x<4) « 2 and the ordered pair |t,x<t)> x?^ (4,2). If 
this value of k is then annlied to the other function 
f (x) is determined or v^hen t = 4, f (x) = 5 producing 
the ordered pa4.r (4,5). All ordered nairs nroduced in 
this manner define a function called a composite function. 

This is nortrayed better by tipping the graph as 
shown here. 

The X coord rnate ajces are now juxtanosed. And since 
the scales are the same they can be placed together. 

The action is from t to x(t) and then ■''rem x{t) to 
f (x) in determining ordered nairs of the composite function 
f(x{t)). 

In the fui-ct?on x(t) = /t the value t in the domain 

o 

produces the rang 3 value x(tQ), 
and value t produces x(t). 

Apply these values x(t ) and x(t) to the domain of 

. o 

the function f (x) - x^ -f 1 to produce the corresponding 
range values f{x{tj,)) and f(x(t)J. As a comnosite function 
the change in dorain from t^^ to t produces a change in 
range from f{x{t.Q)) to f{x{t)). This may be expressed 
as a rate in quotient form. 
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lU. The quotient 



f{x{t)) - f(x{to)) 

expresses tha rate as change in domain of the function 
x(t) - /t compared to the corresponding change in range 
of the function f (x) = x"^ -r l. 

11. Multiply and divide this quotient by x(t) - x(to). 
Notice the different notation used for x{t) and x{to) 
when these values aru used with tftc function f(x). The 
values arc the same; just the notation is altered to 
accotnodate the two functions. 

It. is assumed that all values are well defined in 
the quotients. 

The rate is still expressed by the product quotient 
over the domain from t^ to t. 

The in«5tantaneous rate of change requires taking 
the limit by letting t approach t^. 

12. ^^ This limit defines the rate as change in f compared 

to t or simply the derivative of f with rpsxaect to t. 

Since the limit of the product of the two quotients 
is the product of the li^aits of the two quotients, this 
may be written in the form? 



13. limit f{x(t)) - f{x{to)) 

t-to ^ ^ 

t - t 

^ ^o 

limit f(x{t)) - f(x(to)) ^ ^.^^^ x (t) xCtp) 

X - Xo * "~ t - t„ 



id 
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As t approaches tg, x aoproaches x^ so the respectiv© 



limits bGcorocj; 



14. df df dx 

at ax • 3t 



15. The conclusion for the Chain Rule theorein is 

established. 
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APPLICi^TIO!? OF THE DERIVIVTIVE 



PROGRAII 



rROGRAT-^ 

1. Lecture: 

2. Read: 

3. Problem 
Study : 



Educational liedia Center. See E.^^.C. Directory for Dial 
Access and Slide location. 

Refer to Reading Program #2 (Application of the Derivative) 



Educational r!edia Center, See E.M.C. Directory for Dial 
Access and Slide location. 
Examples 1, 2. 

Example 1. 

Verify Rolle's Theorem by finding the values of 
X for which F(x) and F' (x) vanish.- 
fCx) = 3x - x^ 
Recall Rolle's Theorem: 

If: F{x) = F(b) * 0, F(x) is continuous 



Find those values of a and b such that F(a) ^ F(b) - 0, 

Then find x such that F' (x^) ~ 0. 
o o 

JThis problem simply verifies Rolle's theorem. 
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Exeunple 2, 

Verify that the Hear Value Theorem holds, or give a 
reason why it dpes not, for: 



g(x) 



« ^ " ^ a 1, b = 3 



Note that the hypothesis for the Mean Value Theorem is 

satisfied. That is, g(x) is continuous in (1,3], and 

g' (x) =» exists in {1,3)- hence the theorem does apply. 
x« 



So 



g (b) - g (a) ^ . 

^ b^a ' 9 ^^o^ a < Xq < b 

You can now find x to verify the theorem. 

o 



4. Problems: Refer to Assignment Program #4. 

5. Lecture: Educational Media Center. See E.'^.C. Directory for Dial 

Access and Slido location. . 

Subject: Extrema of a Function. 



6 . Read : 



Application of the Derivative. See Reading Program f 6. 



7. Problem Educational Media Center, See E.H.C. Directory for Dial 
Study : 

Access and Slide location. 
Examples 3, 4, 5. 



Example 3. 

In what interval (domain) is this function strictly 

increasing and strictly decreasing? 

2 

G(x) »• 4 - 4x - X 
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Firid 

G* (x) « -4 - 2x 
mere G' (x) > 0, the function G(x) is increasing. Also, 
where G' (x) < 0 the function G (x) is decreasing. 

Example 4. 

Find the extrema of 
g(x) w 4 - X*" 
and sketch the graph. 

Find the critical points c from g(x) « 0. Then g(c> 
is the extremum. Determine whers the function is in- 
creasing, where it is decreasing and the zeros of the 
function. This v^ill aid in graphing. 



Example 5. 

Find the extrema and graph: 

G(x) = 2x^ - 3x2 

G' (x) ^ ex^ - 6x 
Critical pow^s; C^^ «= 0, «= !• 



G(C^) and G{C^) 



are the extrema. 



8, Problems: Refer to Assignment Program # 8. 



f .Lecture: 



Educational Media Center. See E.r-^.C. Directory for Dial 
Access and Slide location. 

Subject: Concavity of a Function and Second Deri- 
vative Tost. 
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lO.Kead: Refer to Reading Program # 10 



11. Problem Educational Media Center. See E.M.C. Directory for Dial 
Study : 

Access and Slide location. 
Examples 6, 7, 8. 



Example 6. 

Find the extrema of the function using the second 
derivative test : 

P(x) e x^ + - 3x - 9 
First find F' (x) and the critical points. Then find F^Cx) 
and test the critical points. Compute the extrema from 
F(x). 

Example 7. 

Find the extrema of 
F{x) = X /x + 3 
Use whatever test is most convenient. 

Example 8. 

Find the points of inflection of 

x*^ + 2 

and sketch the graph showing tangent lines at the point 
of inflection. 

12. Problems: Refer to Assignment Program # 12. 



• 



13. Read: Refer to Reading Program ^ 13. 

14. Problem Educational Media Cente-r. See E.M.C. Directory for Dial 
Study J 

Access and slide location. 
Examples 9, 10. 

Example 9. 

An open box is made from a sheet of metal 10" x 14" 
by cutting out corners and folding up the sic!es to form 
the box. What size box will have the largest volume? 

Example 10. 

• , What point on the graph of y = 4x is nearest the 

point (s,l)? 

15. Problems: Refer to Assignment Program # 15. 
IS.Reaa: Refer to Reading Program 16 



17. Problem Educational Media Center. See E.'"'.C. Directory for Dial 
Study: 

Access and Slide location. 
Example 11. 

The position function of a poin-t moving on a straight 
line is given bys 

s(t) « t^ - 3t2 - 24t. 
Describe the notion of the point. 



18. Problems s Refer to Assignment Program # 18 

erJc ^ ^'^ 
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READING PROGRAfl Application of the 

Derivative . 

All page numbers refer to the textbook, Johnson and 
Kiokemeister, lailess otherv»ise noted. 



Program # 2. 



Extrema of a Function. Pages 136 - 141. 



# 6. 



Monotonrc Functions, Extrema and First Derivative 



Test. Pages 142 - 150/ 



#10. 



Concavity and Second Derivative Test. 



Pages 151-156. 



#13. 



applications on the Theory of Extrema 



Pages 158-164, 



#16. 



Velocity and Acceleration. Pages 162 



172 
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m ^ m 

hSSltsmwm PROGRA?! — - Applications of the 

Derivative. 

All page numbers refer to the textbook ^ Johnson and 
Kiokemelster. 

PROGRAM #4. Page 141. I Problems 13 - 20. 

# 8. Page 150. I Problems 1, 7, 8, 11, 12, 17, 24, 29. 

#12. Pages 156, 157. I Problems 3,6,11,14,20, 26. 

#15. Pages 164, 165. I Problems 1,5,8,11,12. 

#18. Page 172. I Problems 1,5,8,10. 
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THE ^*FAl.? VALUF Tr^ECPS'* 

Slide 1. One of the apolications of the derivative of a 

function is its use in deriving a very important tbeorem 
called The ^*ean Value Theorem . This lecture develons 

> 

the essential hackground in the form of three theorems 
and then uses this to establish •the r^ean value Theorem . 

2. The ^'ean Value TheorGin 

If- 1. f is a contiruous function in a closed 
interval [«i ,l. ] 
2. f • is defined in the open interval (a,h) 
Then: there exists a nuirber in (a,h) such that 

It isn't possible at thi-s time to explain v;by 
this theoreip is important but as the calculus is develooer 
the repeated application of thi*? theorem '-^ill testify 
to its usefulness. 

3. The form If ... .Then. .. . will he used to si^^r^lify 
the presentation of "hat is assumed as hypothesis or 
precise and t'^hat conclusion way ^a derived from this. 

the premise is precisely stated. No more nor less 
than what is nef»ded to deduce the conclusion is assumed. 
Consider nov» The Fxtreme Va^ue ''*-eorem. 



If: a function f is continuous on a closed interval [a,b 
Then: the function f has 

1. a minimum value called small m on [a,v^ . 

2. A Tnaxijiuni value called capital M on [a,J^ . 
The minimum and maximum value<% refer, of course, to 

the second comoonent of the ordered pair defined by the 
equation. That is, for some value of x (call it Xj^), 
which is the first ccmnonent, the corresponding second 
component is the smallest (m) or largest in the 
interval considered. The ordered nairs are (Xj^,m) and 
(X2?M). ;>n effort should alv»ays be made to think in 
terms of ordered pairs vfhen considering functions. 

The importance of the hynothesis is shot«Ti for 
the function f (x) « x, defined, not on a closed interval 
as required by hypothesis, hut on the half open interval 
1< x< 2, taking it imnossible to tell what the largest 
or maximum value is. If it isn't clear vrhy no largest 
value is so determined, try finding it. The minimum 
value is obvious, n eauals 1. 

A second case is considered in which the function 
is defined by 

f (X) = ^ 

(x-l)2 . 

The graph indicates an asymptote at x « 1? hence no 
maximum value " is obtainable in the closed interval 
(0,2] «5ince the function is not continuous. 



In case three the function is continuous on the 
closed interval [a,h] . The values for small and Capital 
M are shovn. 

In the second background theorem t^yo more premises 
are added to the hypothesis. We retain the first trrcnise 
If? 1. The function f is continuous on the in- 
terval capital I. (Notice the notation 
fee which literally means f is contair- 
ed in the set of continuous functions.) 
(And add:) 2. f • exists in interval I 

J. ^ ^^q) is a minimum or maximum in I. 

. Then: 

f • (x ) « 0. 
o 

The function f is sketched in red. The interval 
I is also indicated, along v»ith two values in I called 
^^hich the smallest and largest second components 
occur. Suppose f(x^) is a minimum, 

Then in the oroof , for a suitably small value of 
h, f (x^ + h) > f (Xq) or fix^ + h) - f (x^) > 0 for any h. 
h must not he so large it exceeds the domain specified, 
for h > 0 

f (x„ * h - f (x^) ^ ^ 

K : ~ 

The dbtted line indicates the value of + h and 
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also the vertical height f(x + M. 

o 



2. If h < 0 then the juctient is reversed in sign 

giving, 

f (Xq + h) - f (X-) 
n 

The left dotted line indicates (Xq + h) for h < 0 
and the vertical height is fix^ h). 

10. Consider what happens if h is made small anproachintj 
zero. 

This is equivalent to taking the limit as shown. 
By hypothesis the limit does exist and is f'ix^), Hence 
as h 0 the tv?o inequalities n>ust become equal but l^^e. 
only point at vjhich they can be equal is zero. 

11. Hence, if a function is continuous and its derivative 

exists in some inter\'al I anr^ if f ' (x^) if? a maxirr^um or 

minimum in I, the»n f (y ) » 0. 

o 

12. The third background theorem is called Rolls *g 
theorem. The hypothesis is in three parts: 

If; 1. ?. function f is continuous in a closed 
interval (a,b] 

2. f * (x) is defined in the open interval (a,b) 

3. f(a) « f (b) = 0, 



UC 



~5~ 



' '^'leni ^*^3«q) " ^ for- at least one in this open 
interval (a,b) . 
The fiist t^tfo parts of this hypothesis are the same 
as for the previous tlieorem. »ddinq the third part 
permits us to deduce the conclusion. 

13. If f(a) « f(h) « 0 for a continuous function then 

one of these conditions must ali-'ays be ore««ent* 

Case i. The function can be a straight line from 

\ 

a to b as shovm. ^, 
Case 2. It can be partially positive and oartially 
negative . 

Case 3, Or all positive or all negative, 

14. Note that Rolle's theorem includes the hypothesis 
for the two previous theorems. Fence, in each case these 
theorems can be apnlied; 

Case 1, Since f (x) » 0 for ev«ry x then f * (x) =0 

for all X in (a,b) . 
Case 2, f (x) is positive someplace between a and b. 

Then by t^e extreme value theorem a maximum 

value, call it x^, exists and by the second 

o 

theorem f ' (x^) » 0 since Xq is an interior 
point. 

Case 3. The same reasoning applies wliere the func- 
ion value becomes negative, excepting now 
the minimum value is f (Xq) and fMx^) » 0, 

It is possible there may be several such values x^. 

er|c lO'J 
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These vill be called critical points. 

In establishing Rolle's cheorem the three cases 
were possible because of the third premise: 
f (a) • f (b) « 0. 

The Mean Value Theorer^ may now be deduced crom 
Rolle's tlieorem. 

15. Title? The Hean Value Theorem 

16. The function f is continuous in the closed interval 
[a,b] and the derivative exists in the open interval 
(a,b). 

17. The secant line (green) dravm through the tv^o 
points (a,f (a)) and (b,f(b)) has a slope given by, 

r- - a 

This is the form for the slooe of a line through two 
points. 

18. Another line L parallel to this is njoved outv»ard... 



19. Further, 
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20, Until it is jUst tangent to the given secant line. 

Assume the x value of the tangent line is x^. Then the 

slope of the tangent line is f * (x ) and is equal to the 

o 

slope of the secant line, hence, 
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■ o b - a 

which is to be oroved. 



21. In order to prove this, the function f is recon- 
structed to comply with the premise of Rolle's theorem 
requiring f (a) = f (b) « 0. 

First f(x) is lowered for each x in [a,b] an 

amount f(a) to produce the dotted curve f(x) - f(a). 
The slope is the same as the secant line and has the 
equation, 

22. y « fflg^'^ " 

valid for every x in [a,b] . Next, the dotted curve is 
lowered at each x In the domain an amount equal to the 
y value of the green dotted line at that point. Then, 

23. the solid red curve is formed, defined by f (x) -f (a) -y(x) 
as a result of these operations. 

.1 

24. Call this function capital 

P(x) « f (X) - f (aj - f(b) - f (a) ^ a) 

h - a 

where the last term y(x) has been replaced by its equal 
mgtx - a) ^nd m2 i** the slope of the secant line. The 
values 1* (a) and F(b) must be found, 

t 

25. This function caoital F(x) satisfies the oremise of 
Rolle's theorem. That is, F{a) » ft and P(h) « n. 



26. The derivative ot the function capital P<x) is 
found to be simply: 

27. By Rollers theorem this must equal zero for some 
call it Xq, in the interval (a,b). 

Hence , 

f . (x„, - ^^^i : fa) 

t 

which vyas to be proved. 



28. The riean ^/alue Theorem 
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Slide 29, Extreraa of a F\mct^^oa. 

The concept of function has been involved in every 
basic mathematical idea (discussed so far. The concept of 
the derivative of a function was again a function, related 
to its primitive through the oneration of differentiation. 
Since most of the action in science is involved with 
functions it isn*t surprising that effort is made to cx- 
^se the characteristics of various functions. It is not 
generally obvious why certain qualities such as extrema 
of functions are important, but it should become so as 
applications reveal this. 

# 

30. Consider the function defined by the equation given 
at the top of the slide, that is; 

f(x) s= x3 - 5x2 ^ gjj^ 
In column 1. ^t the extreme left, values of x are given 
between x = 0 and x == 3. In the second column the 
corresponding values of f (x) ^ire sho'f^^l. For instance, 
when X = 0, fix) « 0. i*7hen x - .2, f (.2) « 1. ^men 
X 5= .4, f(. 4) - 1.664. Note that f(x) is increasing in 
value until x equals Then for further increases in 

the value of x, the value of f (x) decreases to -0.448 at 
X « 2.8. And finally f (x) again increases to zero, 

31. Using these ordered pairs of the domain and range 
the graph of this f\mction is constructed as shown here, 
revealing the characteristics of the function graphically. 
For instance, the zeros of the function at x » 0, 2, and 

3 arc shown. It can be observed that the values of the 

n3 
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function are positive between x = 0 and x » 2 and" negative 
between x » 2 and x = 3. 

A function may also have the quality of increasing 
or decreasing in a given domain. 

Observe the domain values a, b and c as shown in 
red on the x axis. Also the x values and X2. Notice 
that X2 is greater than x^. 

The function f is said to be increasing from x - A 
to B, if for every Xj^, Xj in this domain, 

f (x^) > f (Xj^) when x^ > x^ and strictly in- 
creasing if: 

f (x^) > f t'^i) when X2 > x^^. 

Also the function f is decreasing from x = b to c 
if for every x^^ and x^ in this domain, f(x2) < ^{Xj^) 
strictly decreasing if 

f(x2) < f(XjL) when > x-^ 

If the function is increasing or decreasing it is 
said to be monotonic, or if the function is strictly 
increasing or strictly decreasing then the function is 
strictly monotonic. This function aopears to be strictly 
monotonic. 

The derivative of a function is useful in establish- 
ing the domain' where a function is increasing or. 
decreasing. 

For instance, for the interval [Xgr x^^] the mean 
value theorem is s 



114 



IX- 



= — zr:;: « f'{d) X- < d < x^ 



33. If J f (d) > 0, and x^ > x^ 

T^hen both numerator and denominator of this quotient 

must be greater than zero. That is, f(x2) •* ^tx^) must 

be positive, since - x^ is positive, hence; 

f(x > > f (Xi) 
2 

which is the condition for a strictly increasing function. 
Also, 

If: f ' (d) < 0 and X2 > x^ or Xj - x^^ > 0 
Then? The denominator is positive so the numerator 
must be negative, implying thit 
fCx^) < f(xi) 

which is the condition for a strictly decreasing function. 

You may therefore use the derivative in this manner 
to predict where a fxinctirn is increasing and where it id 
decreasing*' That is, values of the domain which make the 
derivative f ' (x) positive are those values of the domain 
where the function f (x) is increasing, and domain values 
where f'(x) is negative are those values where f(x) is 
decreasing. 

34. In the second line, for the function "f (x) , the 
derivative f ' (x) is given as 

f • (x) » 3x2 ^ + 6, 
For the same domain values given in column 1. the 
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valuee of f ' (x) are givon in colvonn 3. Note when x = 0 
t'iOi « 6, ana when x * .2, f'{.2) « 4. 12. v?hen x = .4, 
£•(.4) = 2,48. When x » .6, f (.6) « 1.08 and then when 
X « .8 the sign changes and f'(.8) « -.08. The derivative 
of a function may be interpreted as the slope of the tan- 
gent line to f(x) at x. Giving f (x) this meaning, 
several values of x and f » (x) are next shot^i as tangent 
lines. 

35, For X « .4 f •(.•4) « 2.48. The black line shown 

tangent to the red curve has the slope m » 2.48 « tan a 
where a is the angle of inclination, or the angle this 
line makes with the positive direction of the x axis 
(about 66^) . Of most importance is the positive quality 
ot f (.4) indicating an increasing function. 



36. For X = .6, f (16) 1.08. The slope is still posi- 
tive (about 45") . 

37. X ~ ,S, f'(.8) = -.08. The slntsc is now negative, 
indicating a decreasing function 

38. At X « 1.0 f ' (1) = -1. 

39. /it X 1.2 f'(1.2) = -1.68. 

40. A composite of these values roughly traces the curve 



and reveals another characteristic of functions. That is. 
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where its maximum value is located. Since the maximum 
valuG must occur ¥»hcre f (x) chfingcs frrro increasing tc 
decreasing, it must be where the slrne f (x) changns from 
positive to negative. Hence, the maximum value of f (x) 
occurs at f ' (x) = 0; which is some valu^ of x between 
x « .6 and x = ,8. An obvious motivation is to find 
those values of 

f • (X) « 0. 

Or, 

2 

3x - lOx + 6 « 0. 

41. Solving! 

3x^ - lOx + 6 = 0. 
X = = .784 nnd - 2.55. 

Thv^se arc called critical values and are the x values 
where the horizontal slope occurs. 7ind where a horiyi-^ntnl 
slope occurs, a maximum value of the function occurs, or 
possibly a minimum value as shot^n at 

These maximum ' d minimum values nf the function are 
called relative extrema since thoy occur in the restricted 
domain, {0,3}. 



42. If the graph were not shown it would still be possible 

to distinguish which value of c produces the relative 
maximum and which produces the relativo minimum? by 
observing that for the relative maximum the slope is posi- 
tive for x less than C^^ and negative for x greater than C^^. 
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Hence f (C^) is a relative maximum. 

The relative minimum occurs at ^*here the slope 
changes from negative for x less than to positive for 
X gj^eater than Cj. 

43. This id compiled into the first derivative test for 

relative extrema of a function: 

1. Solve f'(x) =» 0 for critical values C. 

2. If fors X < C f • (x) > 0 

X > C f • (x) < n 

3. Then: f (C) is a relative maximum. 



or: 

4. If for: 

5, Then: 



X < C f • (x) < 0 
X > C f • (x) > 0 
f (C) is a relative minimum, 



In the examples given in the lab. program special 
cases of this test will bo shovm. 

45, Concavity of a Function 

The term, concavity of a function, refers to the 
pictorial inago of the graph as curving clownwards or 
curving upward. This idea is useful in probing the nature 
of a function f (x) in much the same manner as the deriva- 
tive 'f (x) was useful in the investigation of extrema of 
a function. 



45. 



Consider again the function defined by 
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and its first and second derivatives 

f * (x) « 3x2 - lox + 6 
and, f-(x) « 6x - 10, 

In column 1 values of the domain are given with the 
corresponding values of function, f(x), given in 



of the function f " (x) given in column 4. 

In column 3, where the derivative f'(x) is oositive 
such as 6,4.12, 2.48, 1.08 th€> function f(x) (column 2) 
is increasing as x increases as shown by the red arrow 
pointing upward. Where the derivative is negative in 
column 3 the function is decreasing as shown in column 2 
by the arr'^w pointing downward. Where f'(x) is again 
positive f(x) is increasing. 

The values of the function f ' (x) , given in column 3, 
have their corresponding derivative values given in 
colunm 4. For instance, when x » 0, f • (0) « 6 and 
f " (0) « -10. Since a negative derivative implies 
decreasing function it is assumed that where column 4 is 
negative, f ' (x) in column 3 is (jgcreasing. 

Where column 4 is negative the blue arrow 1 indicates 
a decreasing function f'{x), and where column 4 is positive 
the blue arrow 2 indicates an increasing function f*{x). 



column 2, and the corresponding values of the function 
f • (x) given in column 3, and the corresponding values 




This information is shown here graphically. Tho 
values of X and f (x) may bp read from the graph. The 
corresponding first and, second derivatives are given in 
red and blue respectively. 

Beginning with x = ,2 the first derivative value is 
4,12 and the second derivative value is -8.8. For x = 4, 
the values become 2.48 and -7.6. Mote that the slope of 
the tangent lines is decreasing, that is, it is getting 
less steep as indicated by observation. This is consis- 
tent with the negative second derivative. That is, the 
the negative second derivative mea^s the first derivative 
is a decreasing function. 

The condition of decreasing slope holds until abov 
X = 1.6, The blue second dorivatj.ve values are negative- 
as shown throu out this interval. Tho nature of the 
decreasing slope produces tho conceive dovmward quality 
of the graph nnd is dotncted by thn negative second df^- 
rivativc. Th'^t is, vrhcruver tho second derivativ? value 
is negative tho graph will curving down^'ard, or will 
be conCavo downward. 

Between x = 1,6 and l.S the second derivative values 
(blue) change from negativd to positive, indicating now 
that the values of the slope of the tangents arc increasing 
as shown. That is, at x - 1.8, the first derivative value 
(in red) is -2.28, and increases to -2.0 for x » 2,0 and 
to -1.48 at x - 2.2> etc* This is consistent with the 
•positive value of the second derivative (blue) in this 

'20 
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X interval. The nature of the increasing slopes here 
produces the concave upward quality of the graph, and may 
be detected by the positive values of the second derivative 

An important point (ordered pair) is where the graph 
changes from concave upward to concave downward. This is 
at the point where f " (x) is neither positive nor negative, 
but where f " « 0, or in this , « 6x - 10, or x « 1 2/3. 
This value of x is given the descriptive tem, "point of 
iaf lection". It is found by equating the second deriva- 
tive to zero and solving for x. This point is useful in 
graphing, but of greater importance is the detection of 
concavity by use of the second derivative. 

Fcr instance, at the critical point found by solving 
f ' (x) » 0, or X = .784 the second derivative value is 

t 

negative indicating a concave downward nature of the 
graph. But this implies that the graph is below the 
tangent lino at this point, and hence at this critical 
point a maximum extremum is indicated. 

At the other critical point, x = 2.55, the second 
derivative (blue values) is positive, vrhich indicates the 
concave upward nature of the graph, implying all the 
graph is above the tangent line to the curve at this 
critical point. Hence, a minimum extremum is indicated. 

Thi6 is compiled into a statement called? 

The Second Derivative Test for Extrema of a Function. 

\ 
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50. If c is a critical number for the function f and f ' 
is defined in some interval about c, then: 

1. f(c) is a relative maximum if f " (rr) < 0. 

2. f(c) is a relative minimum if f " (c) > 0. 
Analytic proof of this theorem is nDt difficult and 

will establish the intuitive approach taken. 

51. First, consider the analytic detection of concavity 
of a function at any value of x « a by use of the second 
derivative of the function. 

The function f (x) is revealed graphically by the red 
curve. The point "a" in the domain at about 1.2 on the 
X axis locates the point (a,£(a) on the graph. 

The black line T drawn tangent to the curve at this 
point reveals the nature of the concavity. If the graph 
f (x) is below the tangent line T the graph is said to 
concave dovmward. If the graph were above this tangent 
line it would be concave upward, 

52. Analytically this can bo determined by observing the 
directed distance called L(x) and shown as a blue dimen- 
sion line.v If the value (length) T(x) were known then, if 
T{x) were subtracted f rom f (x) , the value L(x) would be 
defined. That is: 

53. L(x) « f{x) - T{x). 
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This is defined for every x considered in the neigh- 
borhood of "a". hiK) is zero at "a", but if L{x) is 
negative then this implies that f (x) is below T (x) for 
every x in the neighborhood about a, and hence means the 
curve is concave downward. 

54. f (x) is known and T(x) can be found by using the 
po^nt (a,f(a)) and the line sloiae equal to fMa). Htnce, 
for the tangent line, T(x) - f(a) » fMa)(x - a) defines 
every point on this line for every x considered. Simpli- 
fying : 

1, T(x) « f (a) + f ' (a) (X - a) . 

Then ; 

L(x) = f (x) - f (a) - f • (a) (X - a . / 
Apply the mean- value theorem to the first two terms" on .thk 
right side of 3. That is, 

55. 2. f(x) - f{^) = f'(b)(x - a) (where "b" lies 

between x and a) . 

Hence ; * 

3. L(x) f • (b> (X ~ a) - f • (a) (x - a) 

or 4. L(x) - (fMb) - f'(a>) (x -.ft). 

Now, since detection of concavity is to be by use of 

tne second derivative, suppose 

56.. f " (x) < 0 in the domain under consideration. 

Then this means that for x < a f'(x) > f*(a) since the 
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negative derivative of a function means the functiu** a 
decreasing, for every x in the domain considered. As the 
domain increases the derivative value decreases. This is 
true for any x < a, so, if b is in this domain then for 
b < a f'(b) > f'(a). 

Also for X > a since fCx) < 0 then f * (x) < f ' (a) . 
And if X « b is in this domain, then f'(b) < f*(a). Apply 
this to 

57. 5, L(x) (f'(b) - f(a))(x - a) 

If: X < a, or (x - a) < 0 and, f'^b) > f'(a) 

or f ' (b) - f ' (a) > 0 
Then: L(x) is negative . 

If: X > a, or (x - a) > 0 and f'(b) < f'(ei) 
or f • (b) - f ' (a) < 0 

and 

L(x) is again negative. 

This essentially establishes the second derivative 
test for extrema since if "a" is a critical point "c", 
then the same results follow and concavity downward at a 
critical point implies a maximum cxtremum. 

In exactly the same manner the concave upward case 
can be verified. 
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AMTIDERIVATIVE 



PROGRAM 



PROGRAM 



1. Lecture: 



Educational redia Center. See E.M.C. Directory for Dial 
Access and Slide location. 

Subject; Develops the recovery of the position function 
from the velocity function and relates this to the anti- 
derivative as the area function. 



2 . Read : 



Refer to Reading Program # 2. (Antiderivative) 



3. Problem Educational Media Center. See E.M.C. Directory for Dial 
Study : 

Access and Slide Location. 



Example 1 . • 

Given the velocity function of a moving object 



V{t) « it 

Estimate the distance the object travels in three 
seconds by using 1/2 second subintervals and assume the 
maximum velocity in each subinterval. 




Example 2 * 

Given the same 'iunction defining velocity, estimate 
the distance using 1/2 second subintervals but estimate 
distance in each subinterval by using the minimum 
velocity in each subinterval. 



Example 3. « 

Given the function def iiiod by 

f(x) - 1 

X 

Compute I (P) and C (P) for the regular partition of 
[1/2,2] into 6 subintervals. 



4 .Problems: Refer. to Assigment Pxogran # 4 



5. Read: Refer to Reading Program #5. 



\ 



6. Problem Educational Media Center. See E.M.C. Directory for Dial 
Study I 

Access and Slide l4ocation. 

Subject: Sigma Notation 

Example 4. 

Prove by the Mathematical induction Theorem that: 

1 i2 - in(n + 1) (2n +• 1) 
i=l ^ 



o 1 



I 



4 

Example 5 . 

Evaliiate: 

Z (ai + b)^ 



/.Lecture: Educational Media Center. See E.".C. Directory for Dial 

Access and Slide location. 

Subject: Theory of the Integral. 

8. Read: Refer to Reading Program # 8. 

Educational Media Center. See Directory for Dial Accesss 
and Slide Location. 

Example 6 . . 

Find the area of the region bounded by the graph of 
f (x) « x2 and the lines x«l,x=3,7«0. 




9 .Problem 
Study : 



Example 7» 

Evaluate: dx 



Example 8. 

Evaluate : (z + 1)^ dz 



Example 9« 

Evaluate: dx 

-5 2 



ip. Problems: Refer to Assignment Program I 10. 



11. Read: Refer to Reading Program # 11. 



12. Problem Educational Media Center. See E.M.C. Directory for Dial 
Study : 

Access and Slide Location. 

Example 10. 

Evaluate: /* (x^ + x^) dx 

0 



Example II. 

Evaluate: /** + 1)^ dx 



Example 12. 

Evaluate: x(»^ -f 1) dx 




13, Problems? Refer to Assignment Program # 13. 

14, Read; Refer to Reading Program *t 14 . 

15, Problem Educational Media Center. Gee E.M.C. Directory for Dial 
Study : 

Access and Slide Location, 

The following equation evolved from the lecture on 
"Theory of the Integral" and the Pufidamental Theorem of 
Calculus , 

n 

llAxfl iV''*'^''^ ' t a'<x)d*- G(b) - G(a) 

In the limit of the sum Ax^ has a precise meaning 
necessary to comprehension of tSJiW^um, However, in the 
integral dx has no meaning. It is simply vestigial of 
Ax. 

Finding «mtiderivatives has been a matter of recall- 
ing what derivative produced the function. For instance, 

131 
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since, 

obtained from the derivative formula 

The reverse process of finding the antiderivative 
(1) _ „n+l 



/x" - ^ 



n + 1 



seems reasonable. That is. 

Suppose, hovTever, that 

(2) D is considered, then 

(3) D « r fJ^"- d F ■ rF'^*^ F' 

by the chain rule for derivatives. Also since 

(4) / D f'^ = fJ^ » /r F'^"^ F' 

it i^ clear that any expression that is of the form 

(5) r F^~l F' 

must have the antiderivative F^. 

Example 13 . 

Suppose we wish to find 

(1 + x"')** x^ • dx 

0 

Recall first that dx has no particular meaning and 
consider the problem j ast 

(1 + 2x3)^ x2 

From (4) assume F « 1 + 2x^ 
then F' » 6x^ 

r - 1 ■» is and r • 3/2 



132 
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then if 

0 

is written 

Note that k . 6 and 2. . 1 has in no way changed the 
/ 6 3 2 

identity of the problem. However, the problem is now 
exactly of the form 
/2 r F^"^ F' 

0 

and hence equals 

P^P « (1 + 2x3)'/2| = (1 + 2 • 2M'/^ - 1 

Probably you will find this form preferable to that 
given in the text? which can then be mastered after this 
method is understood. 



Example 14 . 

Evaluate the integral: 

f --i— , dx 

-3 (4x-l)* 
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Example 15 » 



Evaluate 



Example 16. 

Evaluate 



t^ 



/ (1 + 4t^^ dt 
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Ifi.Prcblemss Refer to Assignment Program # 16. 

i 

17. Problem Educational Media Center: See Directory for Dial Access 
Study : 

and Slide Location. 
Example 17. 

Sketch the graph of f and g in the given interval 
on the same coordinate system. 

I f (t) « (1 - t) g(x) « /5« (1 - t) dt 

0 
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Example 18.- 

Evaluate : 

C x(x2 + a^)^ dx 
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Ea^ainple 19 > 

Find the limit if it exists 

IJ"" K dx 



18 . Problems : Refer to Assignment -Progr am # 18 
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READING PR0GRA?1 — Antiderivative 

All page numbers refer to the textbook, Johnson and 
Kiokemelster , unless otherwise indicated. 



PROGRAM # 2. ' Completeness Property - Intermediate Value Theorem. 

Pages 185 - 194 

# 5, Sigma Notation. Pages 195 - 197 

# 8. Upper and Lower Integrals, Integrals, Fundamental 

Theorem o^ Calculus. Pages 198 - 213 

#11. Integration Formulas. Pages 214 - 216 

#14. Change of Variable — Integration. Pages 217 - 219 

Compare this method to the method given in Program 
^ # 15. 
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ASSKSmiEl^ PROGRAM Antiderivative 

All page numbers refer to the textbook, Johnson and 
Kiokemeister, unless otherv^ise indicated. 



PROGRAM # 4. Page 194. I Problems 1, 3, 5. 

Page 204. I Problems 1, 3, 5, 8. 

« 

#10. Page 213. I Problems 1-12. 

#13. Page 216. I Problems 1-10. 

#16. Page 219. I Problems 1-16. 

#18. Page 222. I Problems 3,5,8,11,13,14,19,21,22, 
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Slide 1. Title The Integral Concept (Antiderivative) 

—Gorman Nelson 

All basic mathematioal ideaf« contained in Calculus are 

related in a precise and natural way. For instance ^ from 

the concept of a function the idea of the derivative evolved 

and from this, motivation developed for the limit concept 

of a function. 

It would be difficult, if not impossible, to understand 
these concepts as isolated ideas, since the natural relation 
between them is essential to comprehension. 

Another basic idea in this relation is called the anti- 
derivative of a function. This is first examined intuitively 
and finally in a more mathematical iy vigorous manner. 

2. The derivative concept was developed as a mathematical 

description of the quality of velocity when only the quality 
of position was known. In this slide a car was assimied to 

I 

have a position defined by the «^quation 
Lit) « 4t^ 

From this function another function was derived describing ^ 
the velocity at any time t. Tho derived equation 
L' (t) « 8t 

coiiformed precisely to the definition of a derivative and 
hence was called the derivative of ^the position function. 
The mathematical process of differentiation was developed 
as the 

limit f (X + h) - f (X) 

h - 0 h 

and shown to have meaning as the rate of change of f com- 

^ pared to k. 
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The velocity function evolved naturally from the posi- 
tion f\inution. Suppose as shown here the velocity function 
,^L' (t) ~ Bt 

is known. Can the position function be retreived naturally 
from this? 

Since di^^nce is the product of velocity and time, 
then the distance from the zero position defines position 
at time t. Since the car is increasing in velocity it is 
assumed that velocity can only be approximated for any in- 
terval of time. It also seems natural that the smaller the 
interval of time considered the closer the approximation 
becomes. For . instance , if the car starts as shown at zero 
position then 1 second later its velocity as L' (1) feet per 
second. If this value is assumed for the entire interval 
then the distance in the first second is L'(l)»i feet. Of 
course this is an approximation since the velocity is not 
constant in this time interval, and th<^ maximum velocity 
was chosen tc compute the distance. 

In the interval of time from 1 to 2 seconds suppose the 
velocity is assumed constant at L' (2) feet per second, then 
the distance in this interval is L* (2) • 1 feet. 

In the time interval from 2 to 3 seconds the distance 
is approximated by taking the velocity at, 3 seconds or 
L' (3) feet per second. The distance is then L' (3) • 1 feet. 
Estimating the distance traveled throughout all five time 
intervals and adding these gives an approximation to the 



distance traveled and the position L(t) from tho zero 
position* . 

Hence I-(t) is approximated 
L(t) =^ L'(l)«l + L'(2)«l + L'(3)*l + LM4.)-1 + L'(5)«l 

Evalijiftting each product and adding gives the distance 
from zero to be 120 feet. This is a rather, poor approxima- 
tion to the knovm 100 feet, and obviously occurs because the 
velocity is not constant in each interval and the maximum 
value in each interval was chosen to compute the distance. 
It seems natural to suppose that a better approximation can 
be made by taking smaller intervals. 

The intervals of time are here shortened to H second 
and the distance is approximated by the sum 
L(t) = L'{h)'H + L'iD'h + L'{3/2)'H + L'{2)'H + L' (5/2) -J5 
L' (3)»if + L' (7/2) 'H + L' U)'h + L' (9/2) 'k + L' {5) 'k 

Again the maximum velocity is chosen in ef^ch interval in 
computing distance. 

An important transition in meaning of these terms can 
be made here by observing that each term is a product of 
L* (t) and a constant. For instance, consider the term 
L' (5/2) 'h 

Assume this is the graph of L* (t) « 8t. The value of 

L' (5/2) is then the length of the dotted line from the base 

line at 5/2 the graph, and has the value determined by 

'41 . 



L» (5/2) « 8 • 5/2. This is multiplied by ^, which is the 
distance between interv?»ls. It i^ apparent that this term 
which expresses distance as velocity multiplied by tiine can 
also be interpreted as area. And so it is with every term 
in this stun. 

I 

9. , The first term L« (*«)•*{ becomes area A,, the second 

term L' (D'H becomes A^ and so on to A^q which is L' (5) 'h. 
Evaluating all terms gives the sum 2 + 4 + etc. to +20. 
This sum is 110 feet — again an overestimate to the correct 
value of 100 feet but better than the first approximation 
of 120, However, this approximation now has a double mean- 
ing. It can also be interpreted as the red area. 

10. Suppose the subintervals of time are constructed 

mathematically by dividing the entire interval of time into 

n equal parts. That is, subtract from the time at the 

finish of the run,, the time at start and divide by the 

number of subintorv'ils desired. If a is the time at start 

and b the time at finish, then 

b - a 
n 

is the time in each of n subintervals. Or if each division 

line defining the subintervals is marked as t^ for the 

beginning and then t^^, t^, t^, etc. up to the final time 

t , then the length of time for each subinterval 
n 

n 



of for any specific subintervnl t. - t^ . 

142 
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The subintcrvals of time are all equal and are deter- 
mined by the integer n. For instance, if n « 5, then the 
first case of 1 second subintervals is given. If n « 10, 
then the second approximation of h second subintervals is 
given. The subintervals of time depend on the values of 
n, a and b. 

11 • With the- starting time at zero, a « 0. If b is assumed 

to be the finish time then each subinterval becomes just — . 

n 

The progressive values of time on the base are from 
tjj which is the starting time, to the first time interval 
which is t^ or |, then or i| etc. Each subinterval of 

time is the same but the time increases by this amount across 

the base, up to the final time at ^ or t«. 

n n 

On this base the sum of products is constructed in which 

each term is a product of velocity and time but represented 

by an area. The interval from t_ to t,„ is - and the area 

9 10 n 

h^Q as one of the terms is 

« 

n n 

12. The sum of all terms becomes s 

L{b) « L' [h- t -f-L' (^) L' *^ +.••+ {2fe) 

n n n n n n n n 

The form of this sum is now examined for increasingly 

large values of n. 



n n n n 



Notet If n » 5 and b 5 

P 
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L(5) » L'(l)*l + L'(2)*l 4- L'5.1 

• which vas the firat estimate found. «120 
If n » 10 and b = 5 
I.(5)« L*{>5)*J5 + L*(1)'*S +•••♦ L'{5).>s 
which was the second ostimatp found 110. 

Suppose the sum is simplified by replacing the function 
» notation h* by the given function. That is L' (t) * 8t. Then 

2. L(b) « 8(^)«^ + 8(2^)'l^ + 8(2M) +•••+ 8(2^.^ 

nn nn nn nn 

or 

14. 3. L(b) « 8^ 11 + 2 + 3 +•••+ n] 

The sum of the first n integers is 



15. 4. l-f2 + 34-4+«»»+n» *s(n) (n + 1) 

Hence , 

5. L(b) « &^ 'hin^ + n) « -Ib^ + 4^ 
n** n 

From this it is immediately apparent that the limit of this 

expression as n becomes infinite reduces the term ^ to 

zero. That is, as the siie of the subintervals become 

smaller the sunt of tho products approaches just 4b^ as 

given in line 6. 

Since b is any arbitrary time t this equation can then 

be written 

L(t) « 4t2 
For b « t » 5 this is 

L(5) « 4'52 *r 100 
which is tho exact distance or position which the car was 
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Itnown to have. But in addition to this recovery, tho » 
transition to a geometric interpretation im complete. 

16 • That is, the position function 

> 

L(t) - 4t2 

recovered by the process of taking the sum of the products 
as the number of such products increases to infinity can 
be identified wit;^ the area shown here shf.d^-^jd in red. This 
area may also be computed rather easily by the triangle 
formula. 

A ■ base • altitude » »5b • h 
where h is found to be L' (b) « 8b, hence, 

A « Jsb • 8b » 4b2 

17. The process involved in retrieving the position function 

from the velocity function suggests a means for reversing 
the process of differentiation indicated by 

D L(t> « L' (t) . 
^ The notation used for the reverse process is an elong- 
ated / as shown in line 2. This is read "the antideriva- 
tiv© of L' (t) « L(t)". The operation is called antidiffer- 
entiation, or integration and the function obtained from the 
process is called the antiderivative. 

In many cases the antiderivative of elementary functions 
is quite obvious. 

For instance, if fMx) « 2x 
then f :x) » c (c a constant) 

since the derivative gives f * (x) 

Er|c '^^5 
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18. The antiderivatlve of a function as related to tho area 

bounded by the graph of the function and tho axis of its 
indfipendcnt variable is examined now for several functions 
and in greater detail. First consider the function 
f (X) - Hx 

The area- shaded in blue is a triangle and has the area 
of If the base times the altitude. For the dimension shown 
this is just 5 
A'x) B ^x^ 

20. That is: H the base x times the altitude hx « hx^ 

* 

In line 1. the derivative of the area function is equal 
to the function f'(x), hence in line 2. this is expressed 
in mathematical notation as the antiderivative of f'(x) 
from 0 to X equals f (x) , by use of the symbol /, This is 
read as "the antiderivative of f ' (x) evaluated from 0 to x 
is f (x) 

21. Suppose 

g{x) ^ 1/3 x2 
has the graph shown. 

22. Then the antiderivative of g(x) should be the area 
function A(x>, or using mathematical notation 

/g(x) - A(x) 



Finding A(x) for this area has complications not fcund 
in tho previouB example whore A(x) had the elemental forts 
of a triangle. However, the process of finding the area 
suggested in the beginning by taking rectangles of variable 
width can be tried. 

Suppose the estimate is made first using heights of 
rectangles which are maximum in any interval as shown here, 
having n equal divisions. 

The function domain which is the base of the area is 
given by b-a or since a = 0, just b« This divided by the 
number of intcrvals^^ovidos n subintervals having bases, 

all equal, of ^ * 

n • 

The value of x at each division point along the x axis 
is given in terms of b and n. The first division is ^ , 
the second is the third is 3b ^^^^ last- which 

is ~ or just b, "Bhe are«v of the rectangle shaded blue is 

is given by taking the height which is / 

/ 

height » g(9| ) \/ 

U 

times width « fe. 

n 



or 



* 1/3 -(2^)2 . b 
9 n n 



The first and all follovying rectangles are formed rrom 
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the pre 'uct of width (t) and the maximum height in the in- 
terval as given by the function 



^1 


n 


1 

' I 






n 


I 

• J 


n 


^3 


» b 

- n 


. 4 


.(3b J 2 
n 



etc. 



Each product is of the form gCx^) (x^^ - ^i-l^ 

Note also that in each product the common factors are 

I, ^ and (^) ^ . 
3 n n 

These can be removed from each term leaving only the squared 
integers from 1 to n. 

27. At the bottom of the slide this is given as a sum of 
all A' 8 from 1 to n or 

Z A. « 4(^)^El2 + 2^ + 3^ + ...92... + n2j 
i«l ^ 3 n 

where each is a product of a value of -the function and a 
small interval of the domain. 

28. In line 1. the sigma notation is used to indicate the 

sum of the first n rectangles of area A. The symbol I is 

the Greek letter sigma and means in mathomatical use the 

summation of A^ for all values of i from 1 to n. as shown. 

2 

In lino 2. the notation implies the sum of the first i 
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integers where i has values from 1 to n, ^ 
or 

? = + 2^ + 3^ + 4^ +•••+ (n-l)2 + 

By using the Theorem on Mathematical Induction this 
sum can be shown to equal 

I • n . (n+l) (2n+l) 

as given in line 3. This -isn't obvious but time won't be 
taHen here to establish this equality. This will be proved 
in a later nroblem. 

Recall that the sum of the rectangles was found to be 
Z l^^ » . |n(n+l) (2n+l) 

Replacing the sum of the first n integers squared by its 

equal, ifno 4*, provides the sum of the ^reas of the rcc- 

j 

tangles. Or 

^E^A^ « |(|)^ 'I n(n+l) (2n+l) 

This can be simplified by cancellation of the n's. 
Then as the number of rectangles is greatly increased, that 
is, as n ^ ». This dan be written; shown in line 5, as, 

Limit I 2^1 » limit X^^(2 | + ^2) 
n-^ iwl n-** 

or, using more explicit notation 
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As n becomes infinite the terms 2 amd i.^ approach zero 

n 

leaving the sum 

A « I b3 

This is presumed to bo the area under the curve. 
That is 

A(b> « |b3 
or A(x) = 



The area A(x) shaded blue is i as shown in line 1. 

9 

Note that again the derivative of bounded area is precisely 
g(x), or as shown in line 3.. 

The antiderivative of g(x) from 0 to b, is equal to 

A(b), 

In every casr considered so far the maximum value of 
le function was used in estimating the intervals of dis- 
tance or area. What effect is produced hy using the 
minimum values of the function in each suh interval in re- 
trieving its antiderivative? 

Considi=r thn graph of the function G(x) as shown, 
having vertical boundaries at x * a and x « b. 

The base of the area from a to b is partitioned into 
n equal parts. Each division line is identified by x with 
a subscript as shown, such as Xq, x^^ etc. 
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Vertical linos erected on this base form the sides of 
the sub areas. 

The dot shaded sub areas are shown in which each is the 
product of a subintcrval of the. base such as - Xj or in 
general i^j^^^ and the maximum value of the function 

in this subinterval. Since the function is monotone in- 
creasing this is always the right side of the subinterval. 
The area of the second rectangle jLs GCx^) • (X2 - x^) etc. 
The sum of all such areas is given in the form 

n 

S « E G(x.) (x^ - Kc.) 

Notice again the form of the product of each sub -^rea. 

This is called the upper sum, S^, since it is an upper 
bound of the area under the curve. 

In similar manner the blue shaded areas are shown here 
in which each sub area is the product of the minimum value 
of G(x) in each subinterval. and the subinterval. The 
second rectangle here would have an area G(Xj) (X2 - x^) . 
The sum of all such areas is 

ft 

. i=l 

called a lower sum since the estimated area is a lower 
bound of the actual area under the curve. 

By super-imposing Sj^ on the difference may be observ 
ed as the clear dotted area. What happens to this differ- 
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ence as the subintervals are incroasod in number is of 



innncdiate concern. 

The subintervals (x. - xj.i) aro all equal and coimon 
to the corresponding products so these are replaced by the 
sixsnplor notation ^. 



and are shovm with this notation in line 1, 
- Sj^ the clear dotted shaded area is just 
n 

i«l i 1 J. X 

as given in line 2. 

In line 3. an interesting consequence of taking the 
sum is observed, 
n 



Z [G(Xj^)-G{x^.3^)] « [G(x^)-G(xo)] + [G(x2)-G(X3l)] + 



Notice that each value of G^, excepting the first and last, 
has a positive and negative term and so vanish. That is, 
fioni G{x^) in the first term, G(x^) in the second is sub- 
tracted. In fact, all terms vanish except Gix^) and -G(xq). 
Hence in line 4 

- Sl « [G{Xjj) - G<Xq)3 Ax 
and since each subinterval 
' Ax * ^ " a 



Ax^ « (Xi - x^^^) 




i»l 



iG(x^) - G(x2)] +•••+ [G(Xj^_j^) - G(Xj^)3 



this can be written in line 5 as, 




[G(b) - G(a)] (fa - 
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Remexnber this expression for the difference, - Sj^ 



and; 



42, observe on this drawing that Cih) - G(a) is the height of 
the dot shaded coliunn and the base is siFply. ^ Z ^ • ^s 

n becomes infinite the base goes to zero and the difference 
- Sj^ vanishes. 

It appears that the same area is found whether S^ or 
^ Sj^ is used in the process. Also the same form of products 

was used as in all previous cases. 

43, Suppose the same interval {a,b] is usedjlqut the parti- 
tion is not required to form equal subintervals. That is, 
(xj^ - Xq) need not equal - x^) etc. The partitioning 
points are still called x^, xj, Xj, s^i^x^ ^i*"'*^n' 
subinterval is given the notation Lx^, where the subscript 
identifies its position in [a,b3. That is, tx^ = x^-x^, 

Ax2 ~ ^2 *" '^l' 

Using this and previous notation may be given in 

mathematical notation using the same form of a sum of pro- 
ducts of a function and a subinterval of its domain. 



n 



S * Z G(x. ) Ax. 
u A-st i ^ 



44. and in like manner 

n 
i«l 



Ms 



\ 



10 
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45, In forming each sum and Sj^ the maximum, or minimum 

value of the f miction is used arespectiveXy. 

Suppose any other value of x in each subinterval is 
chosen to form the sums of products. That is, in the first 
sub area sup^pose any other value of x « is chosen instead 
of Xq or x^, form the sub area. Then if this is done for 
each sub area, since G(Xi^i) < G(Ci) ± ^^^i^ ^® 
deduced that 



46. S_ < Sc < S., 

L — ^ — u 



47.' Retain this for future use and return to the difference 

areas as shown here in clear*' dot shading. 

- -J/^^^i^-lt'^i-lJ^ A^i 

The largest of these subinterval;; Ax^ is called the. 
"norm" for this partition. It appears to be the first sub- 
interval ~ * '^^l* this value is substituted for 
each AXj^ then 



48. in line 3. 

n 

- Sj. < r [G{x^) - G{Xi.i)J llAx^ll 

The inequality exists because the norm is larger or equal 
to every other tx^. The notation used to identify the norm 
are double parallel bars. 
The summation of 
n 

I [G(x,) - G(x. ,)1 
i-1 ^ ^"■^ 

K>4 
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m&y be telescoped to 
or, in line 4. 



49. - Sj^ < [G(b) - G(a)] I I Axil 

If the norm is chosen so 

then 



hence 



S,, - S_ < e for every and 



Since S, < St < S then 

S*S-r'*Sf''S» 
u ^ 

And if this limit exists for any partitioning then, 

n . 

limit 2 G(C<) Axi « S « r G(x) dx 
||Ax||-0 i=l ^ ^ a 

Observe the form of the sum of the products, that ij, 

G(Cj^) times Ax^ ^/ 

The Fundamental Theorem of Calculus may be deduced 

from this statement. A^l efforts so far have been directed 

to evaluating sums such as: 
n 



t G(^.) AX4 
i-1 ^ ^ 



Such sums when they exist were recognized as the anti** 
derivative of C and could geometrically be identified with 
the area bounded by the function graph, the vertical lines 
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on the base and the axis of the independent variable. 
Finding this area proves to be rather formidable for all 
but the iQQSt elementary functions. The orocess of finding 
antiderivative is called antidifferentiation and is repre- 
sented by 

/^G(x) dx 
a . 

50, The Fundamental Theorem of Calculus 

51. Evaluation of such s\ms is greatly simplified by use 
of the 

Fundamental Theorem of Calculus. 

Observe in line 1. the telescoping sum 
n 

E [Gx^ - Gx, ,] « G(b) - G(a) 
i«l i 1-1 

Pefer to slide 41. for explanation of this if it is 
not recalled. 

In line 2. the important ''lean Value Theorem is applied 
to each of the subintervals implied in line 1. That is, 
in line 1. suppose i « 2, then G(X2) - G{xj^) implies an 
interval x^ - x^^ and so on for all the sums consijdiered. 

In each of these subintervals {x_^ - '^jj^.-j^) the mean 
value theorem gives line 2. That is, C'*^ 
G(Xi) - G{x. ,) 
i i-1 

If each (x^ - x^^^) is given the notation Ax^ then this 
is written in line 3. as 
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52. Equation 4 is recalled from slide 49. For some value 
of the norm ||Ax|| > 0* this can be written as given in 
line 5. tfhere# 

Is GiKi) Ax. - G'(x) dx| < e 

for all 5 < I I Ax I I 

This says simply that the difference between the left 
side of eq{uation 4. and the right side differs by an amount 
less than e for some norm | | Ax | | . And for every £ > 0 
there is a norm for v;hich this difference holds. 

Two substitutions are now made for I (C^) Ax^^ in 
line 5. First from line 3. G* U/i Ax^ is replaced by 

G(x^) - ^^^i„x^ ®^ 

n n 

I G' (C.) Ax. « Z [G(x,) - G(x. ,)] 
i»l ^ ^ iai ^ 

which is then replaced by its equal from line 1. to give in 
line 6, 

53. |lG{b) - G(a)3 - G' (X) dx| < e 

Since this inequality is true for all e as deduced from 
line 4. it may be deduced finally that 

G' (x) dx - G{b) - G(a) 

a 

This equation implies the Fundamental IJteorem of Calcu- 
lus and permits an easy evaluation of the definite integral 
when the antiderivative of the function is known . 

f 57 



54. 
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The form 

G* (X) dx 

should serve as a reminder of the form of the products 
which producer) this sum. Otherwise the expression dx has 
no significant meaning. 

This theorem must be known for future use. 
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The process, in smamary, evolved in rather precise 
stops^ These should br> carefully observed. 



a derivative of some function. In this case representing 
velocity of a car. 

2. ' The given function L(t) was obtained by differen- 
tiation. Swflie process, called antidif ferenti.-'tion, was 
needed to reverse the process and obtained the position 
fianction L(t) . 

3. This suggested a division of the total time of 
travel in subintervals. Note; the subdivision occurs on 
the domain of the function. In these subintervals, distance 
was computed as the product of the function defining velo- 
city, and the subintervals under consideration. The total 
distance w?^s approximated by adding these products. 

4. Increasing the number of subintervals improved 
the approximation; hence , finally, by taking the 



the function tit) was recovered. 

5. This process was called antidif ferentiation and 
represented by the symbol given in slide 17. 

The ideas involved in this process are considered in 
greater detail in what follow;-. 



1. The idea began v^ith a function 
L* (t) « 8t 




The prime was retained only to suggest that this was 



Lim T. h' (ti) (t. - t..,) 
n-«. i-1 ^ ^ ^ 



/ 
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PROGRATI — APPLICATIOrS OF THE IfiTSGRAL 



PROGRAIi 
I. Read 



Areas . See Reading Pjrogram # 1. /^oplication of '.'the 
Integral . 



2. Problem Educational Media Center. See E.W.C. Directory for Dial 
Study ; 

Access and Slide location. 



Example 1 . 



Find the area of the region bounded by the curves 
y =» X"^, y*0, x~l, x=3 



Example 2 . 

Find the area boundf?d by 

y « v'x + 4, y = 0, X ~ 0 



160 
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Exettnple 3 i 

Find the area bound by 

y2 B X » 1 



3. Problems : See Assignment Program #3. 

4. Read: See Reading Program # 4. 

5. Problem Educational I^edia Center. See E.^'.C. Directory for Dial 
Study : 

Access and Slide Location. 
Example 4 . 

Find the volume btained by rotating the region about 
the X axis. 



Example 5 . 

Find the volume obtained by rotating 
y m , x«l, xw3, y«0 



I 6- J 
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6. Problems: See Assignment Program * 6. 

7. Reads See heading Program 7. 

8. Problem Educational redia Center. See E.f^.C. Directory for Dial 
Study : 

Access and Slide Location. 
Example 6 . 

rind the work done in stretching a spring from its 
natural length of 12" to 18" if 4 pounds of force is 
needed to stretch it 1". 



9. Problems: See Assignment Program # 9. 



■ 
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READING PROGRA!! Application of the Integrral . 

Program # 1, Areas. Pages 246 - 253. 

# 4. Volume. Pages 253- 259. 
f 7. Work. Pages 260 - 265, 



ASSIGNMEK^T PROGRAfl — /application of the Integral 

Program ¥ 3. Page 252. I Problems: 1, 2, 3, 4, 5,. 7, 9. 

# 6. Fage 258. I Problems!; 1, 3, 4, 9. 

# 9. Pc.ge 264. I Problems: 1-6 



( 



All page numbers in the Peading Program and the 
Assignment Program refer to the textbook, Johnson 
and Kiok«neister . 
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